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Abstract. We prove a formula expressing the motivic integral ( LS ) of a K3 
surface over C{{t)) with semi-stable reduction in terms of the associated limit 
mixed Hodge structure. Secondly, for every smooth variety over a complete dis- 
crete valuation field we define an analogue of the monodromy pairing, constructed 
by Grothendieck in the case of Abelian varieties, and prove that our monodromy 
pairing is a birational invariant of the variety. Finally, we propose a conjectural 
formula for the motivic integral of maximally degenerate K3 surfaces over an 
arbitrary complete discrete valuation field and prove this conjecture for Kummer 
K3 surfaces. 



1. Introduction 

1.1. Motivic Integral of a Calabi-Yau variety. Let i? be a complete discrete 
valuation ring with fraction field K and perfect residue field k. By a Calabi-Yau 
variety X over K we mean a smooth projective scheme X over of pure dimension 
d, with trivial canonical bundle ujx ■— ^x/k- (.^S ), Loeser and Sebag associated 
with any Calabi-Yau variety X over K a canonical element 



e KQ{Vark)ioc 



X 



of the ring KQ{Vark)ioc, where Kf){Vark)ioc is obtained from the Grothendieck ring 
K{){Vark) of algebraic varieties over k by inverting the class [A^] of the affine line. 

The motivic integral can be computed from a weak Neron model of X . Recall, 
that a weak Neron model of a smooth proper scheme X over X is a smooth scheme V of 
finite type over R together with an isomorphism V ®ji K X satisfying the following 
property: for every finite unramified extension R' D R with fraction field K'^ the 
canonical map V(i?') ->■ X{K') is bijective. According to ( [BLR] . §3.5, Theorem 3), 
every smooth proper X-scheme X admits a weak Neron model. We note that a weak 
Neron model is almost never unique: for example, if X is a proper regular model of 
X over R, then the smooth locus Xsm of X is a weak Neron model of X (see Lemma 

Given a Calabi-Yau variety X over K , a weak Neron model V oi X , and a nonzero 
top degree differential form u G r(X, ux), we can view a; as a rational section of the 
canonical bundle uj\>/r on V. The divisor of uj is supported on the special fiber V° of 
V. Thus, we can write 

(1.1) div UJ = ^miV°, 
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where Vi,--- , V° are the irreducible components of the special fiber V° . The motivic 
integral of X is defined by the formul£0 

(1.2) f := ^[V;°](m, -niinm,)- 

Jx ■ 

Here, given an element [Z] G Ko{Vark)ioc and an integer n, we write [^](?i) for its 
Tate twist: 

[Z]{n) := [Z].[Ai]-". 

A key result proven by Loeser and Sebag ( [LS] , Theorem 4.4.1) is that the right-hand 
side of equation (|1.2p is independent of the choice of V and uj. 

If k — ¥q, the image of the motivic integral under the homomorphism 

(1.3) i^o(1^arFj,oc ^ [Z]^\Z{¥g)\ 

is equal to the volume jx(K) I'-^l' ^'^'^ appropriately normalized lo e T{X, lox) ( |LSj . 
§4.6). 

In this paper we express the motivic integral of K3 surfaces over C((i)) with strictly 
semi-stable reduction in terms of the associated limit mixed Hodge structures. We 
also compute the motivic integral of some K3 surfaces over an arbitrary complete 
discrete valuation field. To our knowledge the only class of varieties, for which similar 
formulas were previously known, is the class of abelian varieties (see, e.g. [SGA7j , 
Expose IX, [V], |HN1| . [HN2j ) . where the computation is based on the theory of Neron 
models, and, in particular, for K — C((t)), on the Hodge theoretic description of the 
special fiber of the Neron model. Unfortunately, K3 surfaces do not have a Neron 
model, in general, which makes our problem substantially more difficult. 

Let us describe the organization of the paper in more detail. 

1.2. Limit mixed Hodge structure. In fj2]we explain some preliminary material, 
the most important of which is the notion of limit mixed Hodge structure associated 
with a variety over the field of formal Laurent series C((i)). Schmid and Steenbrink 
associated with every smooth projective variety over the field Kmer of meromorphic 
functions on an open neighborhood of zero in the complex plane a mixed Hodge 
structure, called the limit mixed Hodge structure. In H2.2[ using Log Geometry, we 
extend the Steenbrink-Schmid construction to smooth projective varieties over C((t)). 

1.3. Motivic integral of K3 surfaces over C((t)). In order to state our first 
main result we need to introduce a bit of notation. Let X be a smooth projective 
K3 surface over K = C((t)) and let H'^{yimX) = (7?2(liniX, Z), V^f , i^O be the 
corresponding limit mixed Hodge structure (see i)2.2p . Assume that the monodromy 
acts on 7?^(limAr, Z) by a unipotent operator. Then its logarithm N is known to be 
integral ([FS], Prop. 1.2): 

(1.4) iV : H2(limX,Z) ^ i72(liniX,Z). 
Set = n H'^{\miX,Z). The morphisms 

(1.5) GrN' ■.Wf+JWf+^^Wt^/Wt^, » = 1,2 

^We note that our terminology and notation are different from those used by Loeser and Sebag. 
Notation for in ([LS]) is [X]. The name "motivic integral" is reserved in loc. cit. for a more general 
construction that associates with any smooth proper -scheme X and a top degree differential form 
u) G V(X,u)x) S'li element a; of a certain completion of the motivic ring A'o(^'"'fc)ioc- 
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are injective and have finite cokernels. Let ri{X,K) be their orders. In [J3]we prove 
the following result. 

Theorem 1. Let X he a smooth projective K3 surface over K — C((i)). Assume 
that X has a strictly semi-stable model over R = C[[t]] and that the operator N is not 
equal to 0. Let s be the smallest integer such that TV* = 0. Then s is either 2 or 3 and 
for every finite extension D K of degree e the motivic integral of the K3 surface 
Xe = X ®K Kf, over K^. is given by the following formulas. 

(a) If s = 2 then 

(1.6) / = 2Z(0) - {e^niX,K) + 1)[E{X)] + 20Z(-1) 

+{eVri{X,K) - 1)[E{X)]{-1) + 2Z(-2), 

where E{X) is the elliptic curve defined by the weight 1 Hodge structure on Wf = 
r\H^{y\uiX,Z) and Z{n) [A^]-", n G Z. 

(b) Ifs = 3 then 

(1.7) = (^flli^lJ^ + 2 j Z(0) + (20 - e\2{X, if ))Z(~1) 

+ (^» + 2)z(-2). 

Note, that if TV = the K3 surface X has a smooth proper model over R whose 
special fiber Y (and thus the motivic integral) is determined by the polarized pure 
Hodge structure _ff^(limX, Z). 

Let us explain the idea of our proof assuming that e = 1. First, using the theory of 
Hilbert schemes and Artin's approximation theorem, we reduce the proof to the case 
when X is obtained by the restriction of a smooth family X of K3 surfaces over a 
smooth punctured complex curve C = C — a to the formal punctured neighborhood of 
the point a E C. The rest of the proof is based on a result of Kulikov ( [Ku. ) asserting 

the existence of a (non-unique) strictly semi-stable model X C such that the log 
canonical bundle uj-^ ^-Qilog) is trivial over an open neighborhood of the special fiber 
Y . For any such model, we have 

Ix " 

where Ysm C F is the smooth locus of y. It is shown in f [Ku| ) that the special fiber 
y of a Kulikov model has a very special form. If s = 2 the Clemens polytope Cl{Y) 
of Y (see t j2.1[) is a partition of an interval and all but two irreducible components 
of Y are ruled surfaces fibered over elliptic curves, all of which are isomorphic to a 
single elliptic curve E. The two components corresponding to the boundary points 
of Cl{Y) are rational surfaces. If s = 3 then all the irreducible components of Y 
arc rational surfaces and the Clemens polytope Cl{Y) is a triangulation of a sphere. 
Next, using results of Friedman and Scattone ( |FS] . [TV] ) we prove that the Steenbrink 

weight spectral sequence for Kulikov's model X C (and therefore by the Weak 
Factorization Theorem (' [KonSo] . Theorem 9), for every strictly semi-stable model of 
X) degenerates integrally at the second term. Of course, the degeneration of the 
weight spectral sequence with rational coefficients is a corollary of Hodge Theory and 
holds in general, but the degeneration over Z is a special non-trivial property of K3 
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surfaces. This, combined with the generahzed Picard-Lefschetz formula, implies that, 
for s = 2, the Hodge structure on H^{E) is isomorphic to that on Wf and that the 
number of irreducible components of Y equals ri(X, K) + 1. Similarly, as proven in 
( [FSj ) ■ for s = 3, the combinatorics of y (i.e., the number of irreducible, components, 
double curves and triple points) is completely determined by the monodromy action 
on the integral lattice i7^(limX, Z). This, together with a variant of A'Campo's 
formula fProposition 12 .9p . completes the proof. 

1.4. Monodromy pairing. In 311 we introduce a generalization of the invariant 
r2{X^K), that we defined in > jl.3l for K3 surfaces over C((i)), to the case of an ar- 
bitrary smooth variety over a complete discrete valuation field. Our construction 
is based on the theory of analytic spaces over non-archimedean fields developed by 
Berkovich ( [Berlj l. For a complete discrete valuation field K we denote by K the 
completion of an algebraic closure of K . One of the key features of Berkovich's the- 
ory is that the underlying topological space of the analytification of a scheme 

X over K has interesting topological invariants (in contrast with the space X{K) 
equipped with the usual topology, which is totally disconnected). In particular, if X 
is the generic fiber of a proper strictly semi-stable scheme X over R the space 
is homotopy equivalent to the Clemens polytope of the special fiber Y . We denote by 
r™(X) the singular cohomology of the space \X'^\ with coefficients in a ring C. In 
Theorem [21 we prove that, for every prime i different from the characteristic of the 
residue field of K ^ and for every smooth scheme X, there is a canonical isomorphism 
of Gal(l?/i^)-modules 

(1.8) 7 : r^,(^) ^ (i?"(X^,Q,)(m) ^ H^{Xt^Mi)) , 

where N is the logarithm of the monodromy operator. In particular, the dimension 
of the vector space on the right-hand side of (|1.8|) is independent of i. Let us note, 
that a different description of the space Fq^ [X] in the case of finite residue field was 
obtained earlier by Berkovich ( |Ber4j ) . 

If d is the dimension of X, we use (|1.8I) to define a non-degenerate pairing 

(1.9) F^(X)®F^(X)^Q. 

In the special case when X is proper, the pairing (jl.Sp is given by the formula 

(1.10) (x,2/) = (-l)^ <7(2:),2/'>, 

where y' G H'^{Xj^, ) is an element such that N'^y' — ^{y) and <, > is the Poincare 
pairing on H'^{Xj^,Qi). We prove in Theorem |4l that (|1.10p is independent of £ and 
positive. Moreover, the groups Tq{X) and the monodromy pairing (|1.9|) are birational 
invariants of X. 

We define a numeric (birational) invariant rd{X,K) of X to be the discriminant 
of the dual pairing 

(1.11) Td{X)^Td{X)^Q, 

where Td{X) is Hom(F^(X), Z). 

In remark 14. 5[ we define for a polarized projective variety X and any integer m 
a more general positive pairing Tq{X) Fq (X) — >■ Q which in the case of semi- 
stable abelian variety A and its dual A' boils down, after some identifications, to 
the monodromy pairing Ti{A) (g)Fi(yl') — > Z defined by Grothendieck ( [SGA7] . Exp. 
IX). In particular, the number rd{A,K) is non-zero if and only if A is completely 
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degenerate in which case rd{A,K) is equal to (i!|7ro(V(^) ® k)\, where V{A) is the 
Neron model of A. 

1.5. Motivic integral of maximally degenerate K3 surfaces. We say that a 
d-dimensional Calabi-Yau variety over a complete discrete valuation field K is maxi- 
mally degenerate if rQ(X) 7^ 0. According to (|1.8|) . X is maximally degenerate if and 
only if for some (and, hence, for any) prime i ^ char k the map 

i7'*(X^,Q,)(m) ^ H''{X-^,Q,) 

is not zercQ. We conjecture that for every maximally degenerate K3 surface over K 
there exists a finite extension K' Z) K such that, for every finite extension L Z) K oi 
ramification index e containing K' , we have 

= (^^^^^ + 2)Q(0) + (20-eS(X,i.))Q(-l)+(^!:ai^ 

If char A: = our conjecture follows from part (b) of Theorem [T] In iJ5]we prove this 
conjecture in the case of Kummer K3 surfaces over an arbitrary complete discrete 
valuation field K with charfc ^ 2 by constructing explicitly a poly-stable formal 
model of the analytic space 

The groups r|(X) that we used to define the invariant rd{X, K) can be interpreted 
as the weight part of the limit motive of X (Remark 14. 2p . It would be interesting 
to define geometrically the limit 1-motive attached to X and use it to compute the 
motivic integral for K3 surfaces which are not maximally degenerate. 

Acknowledgements 

We are grateful to David Kazhdan, who asked the second author to write a cohomo- 
logical formula for the p-adic measure of a Calabi-Yau variety over Qp and suggested 
to work out the case of K3 surfaces, and to Vladimir Berkovich for answering our 
numerous questions on Non-archimedean Analytic Geometry and his help with 2) 
Special thanks go to the referee for careful reading the first draft of the paper and for 
his (or her) numerous remarks and suggestions. 

2. Preliminaries. 

2.1. Clemens Polytope and nerve of a strictly semi-stable scheme. Let R be 

a complete discrete valuation ring with residue field k and fraction field K. Recall 
that a scheme X of finite type over spec R is strictly semi-stable if every point x ^ X 
has a Zariski neighborhood x ^ U d X such that the morphism U spec R factors 
through an etalc morphism 

U ^ spcci?[ro, . . . , Trf]/(ro ■■■Tr^t), 0<r<d, 

for a uniformizer t oi K. If fc is perfect, AT is a strictly semi-stable scheme if and only 
if it is regular and flat over i?, the generic flber X — X xuK \s smooth over K and 
the special fiber Y — X y^nk is a, reduced strictly normal crossing divisor on X. 



There is an extensive literature on maximally degenerate Calabi-Yau varieties over C((t)). See 
e.g. [Moi], [HY]- 
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Let X be a strictly semi-stable scheme. Then the irreducible components Vi, . . . , Vm 
of Y as well as the schemes 

(2.1) y('')= n K:on-.-ny,, 

io<---<iq 

are smooth. It is convenient to encode the combinatorial structure of y by a certain 
topological space. To do this we need to introduce some terminology. 

By an abstract triangulated set we mean a contravariant functor A — >■ Sets, where 
A is the category whose objects are finite totally ordered sets [q] := {0, • • • , q}, q £ 
Z>o and whose morphisms are strictly increasing maps. Thus, giving an abstract 
triangulated set S, amounts to giving a set Sq of "g-simplices" for each q £ Z>o 
together with "boundary maps" Sj : Sg Sq^i, j = O,--- ,g, subject to certain 
conditiontH. We shall write \St\ for the realization of S, ( jGM| . §1.1). 

Given a strictly semi-stable scheme X consider the abstract triangulated set whose 
g-dimensional simplices are indexed by the set ttq (Yj"^^^. The boundary maps 6j : 

(Y-^'^^^ — > TTo (y^''~^^^ , j = 0, . . . , q, are given by the maps 
induced by the injections 

The realization of this triangulated set is a topological space which we call (following 
[KonSoj ) the Clemens polytope of Y and denote by Cl{Y). Although the abstract 
triangulated set we constructed depends upon the choice of ordering on the set of 
irreducible components Vi, the homeomorphism type of the topological space Cl{Y) 
does not. 

Proposition 2.1. Let X be a strictly semi-stable model of X over spec R with special 
fiber Y then for every abelian group C , 

H:,^g{Cl{YlC)^H%,,{YT:,C) 

Proof. To simplify our notation we assume that k — k. Consider the complex 

io*L. — ^ — ^ • • • ■ 
where iq : F*^*^ M> Y. The differentials di are characterized by the property that the 
induced map on global sections r{iq^C) = C[7ro(r('?))] ^ C[7ro(r(«+i))] = T{iq+i^C) 
equals ■ This complex is a resolution of C_. Since each is a disjoint 

union of smooth irreducibles and constant sheaves on irreducibles are flabby it follows 
that the sheaves iq^,C_ are flabby. Thus the complex of global sections 

n^o.c) A r(zi,c) A • • • . 

computes the Zariski cohomology HzarO^^Q- ^^^'^ other hand, this complex is 
the simplicial complex of Cl{Y). 



^The category of abstract triangulated sets can be viewed as a full subcategory of the category 
of simplicial sets: if S', is a simplicial set such that the boundary of each nondegenerate simplex of 
S', is nondegenerate then nondegenerate simplices of S', together with the boundary maps form an 
abstract triangulated set. This yields an equivalence between the full subcategory of the category 
of simplicial sets whose objects satisfy the above property and the category of abstract triangulated 
sets ( [UM] , §1.6). 
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□ 

Assume that X is a proper semi-stable scheme over R. Then, by the Proper Base 
Change theorem {e.g., [D ), for every torsion abehan group C we have canonical 
morphisms of Gal(iir/i^)-modules 

(2.2) H*z,,{Yt:,C) ^ K,{Yj:,C) - H:,{X^.u,C) ^ K.iXj^^C), 

where i?^'* denotes a strict Heselization of R. Applying (j2.2p to C = Z/£"Z and 
passing to the limit, we obtain a canonical morphism 

(2.3) h:,^^{CI{Y),Z,) ^ i7*(X^,Z,). 

We wiU see in S]4]that the groups H*^^g{Cl{Y),C) and the morphism (|2.3p depend 
only on the generic fiber X and not on the choice of proper strictly semi-stable model 
X. 

Remark 2.2. Let us explain the relation of the notion of Clemens polytope to a more 
general notion of nerve of a scheme, introduced in ([BerS]). For a reduced scheme 
Y over fc, let Nor(y) C F be the normal locus of F, which is an open subset of Y", 
and let Y^°'\ = F, yl'+il = r[*l\Nor(r['l), i > 0. The irreducible components of 
are called strata of Y. The set, Str(y), of all strata has a natural partial 
order: for strata x,y d Str(y), we say that a; < y if y is contained in the closure of x. 
We denote by N{Y) the nerve of the partially ordered set Str(y). If X is a strictly 
semi-stable scheme over i?, the triangulated space \N{Y (Sik)\ is obtained from Cl{Y) 
by subdivision. In particular, the spaces \N{Y fc)| are Cl{Y) homeomorphic. 

2.2. The limit mixed Hodge structure associated with a variety over C((t)). 
In ( |Stlj ). Steenbrink associated with every smooth projective variety over the field 
Kmer of mcromorphic functions on an open neighborhood of zero in the complex 
plane a mixed Hodge structure, called the limit mixed Hodge structure. Another 
construction of the same mixed Hodge structure had been given earlier by Schmid 
( [Schj ) . In this section, we explain how to extend the Steenbrink-Schmid construction 
to smooth projective varieties over the field of formal Laurent series K — C((t)). 
A rough idea: generalizing a construction by Steenbrink ( JStSH we attach a mixed 
Hodge structure to every projective normal crossing (not necessarily reduced) log 
scheme over the log point. Applying this construction to the special fiber y of a 
normal crossing model X of X over R — C[[t]] we get our 7J™(limX). We then prove 
independence of the choice of a model and functoriality. 

We shall summarize the properties of our construction in the following theorem. 

Theorem 2. For every non-negative integer m, there exists a contravariant functor 

(2.4) SmPrK MHS, 

X H"'{limX) = (iJ"(limA:,Z), ,F,,r) 

from the category of smooth projective varieties over K = C((t)) to the category of 
mixed Hodge structures equipped with an endomorphism T of the underlying abelian 
group with the following properties. 

(a) If we write Tq = SU for the factorization of the endomorphism Tq G End(-H''"(limX, 
into the product of semi-simple and unipotent endomorphisms, S and U respec- 
tively, such that STq = TqS and UTq = TqlJ, then N = logU is a morphism of 
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rational mixed Hodge structures 

N : H"\limX)(g)Q^ i?"(lim X) ® Q(-l) 

and S is a finite order automorphism of H"^ {lim X) (g) Q. 
(h) The functor {2.4-^ is compatible with base change. That is, if K,, — C((t=)) D K is 
a finite extension and X ^ Xk^ is the base change functor, we have a functorial 
isomorphism 

{H"'iliraX,Z),W^,F\T'') ~ {H"\\imXK,,Z),W^, F\T). 

(c) If X is a strictly semi-stable scheme over R — C[[t]], X and Y are the generic 
and special fibers of X respectively, and Y^i') ^ Y is the closed subscheme de- 
fined in 112.1]) . one has the weight spectral sequence EP'^{X) which converges to 
H*{limX) in the category of mixed Z-Hodge structures with the first term given 
by the formula: 

The sequence EP'^{X) Q degenerates at E2 terms. 

(d) If X is a smooth projective variety over Kmer the limit mixed Hodge structure 
H^"{\mi{X K)) is canonically isomorphic to the one constructed by Schmid 
and Steenbrink i ^Sch] . |Stl) . [St2j ). 

Proof. Let 

(X, ^ (spec i?, Mr = R- 0) 
be a proper smooth morphism of fine and saturated (fs for short) log schemes { [112) . 
§1). Assume that the log structure on {X, My) is vertical i.e., the induced log struc- 
ture ox\ i : X = X (^R K ^ X is trivial. A basic example of this situation is a regular 
proper i?-scheme X such that its reduced special fiber Yred is a normal crossing divisor 
on X endowed with the log structure 

(2.5) My = j,0^nOy. 

The special fiber Y = X (g)^ C with the induced log structure is a proper smooth 
log scheme over the log point 

TT : {Y,My) (specC),og. 

Following ( 'Kn' §1) we consider the associated map of topological spaces 

TT : ^ (specC)'°5 = S\ 

where S*^ C C is the unit circle. The map tt is a locally trivial fibration over 
( [NO] . Theorem 5.1). Let exp(27rir) : -J> 5^ be the universal cover, and let 
be the fiber product x 51 K.^ . The topological space F'"^ carries a canonical 
automorphism that takes a point (y, a) G x 51 M.^ to (y, a-\-2Tri). We will write Ty 
for the induced automorphism of the cohomology group i/™(y'°^,Z). The following 
lemma implies that the cohomology of Y'-°^ depends only on the generic fiber of X. 

Lemma 2.3. Let f : {X,AI-y) — > (X ,Aiy) be a log morphism of smooth proper 
vertical fs log schemes over {spec R, Mn). Assume that the induced morphism of the 
generic fibers fx '. X®K ^ X ®K is an isomorphism. Then, for every non-negative 
integer m, the morphism 

f* : i/'"(f "°f,Z) ^ H"'{Y^°s,Z) 
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is an isomorphism. 

Proof. Let n be a positive integer. The comparison theorems of Kato and Nakayama 
(see, e.g. |I12] . Th. 5.9, Cor. 8.4) imply the existence of the commutative diagram 
below. 

fjm ^Y'log ^z/nZ) iJ ™ (X' ®K,Z jnL) 

(2.6) |r 

Since the groups i7"'(y"°9, Z), iJ™(y'°9, Z) are finitely generated the lemma follows. 

□ 

Let us explain how the formation (Ty, iJ™(y'°f^ Z)) is compatible with base change. 
For a positive integer e, the fs log scheme (speci?e = specC[[i"]],Mii;^ — — Q) is 
smooth over (spec i?, Mj^). Let (Xe,M^ ) be the fiber product 

{X,M-y) ®(spcc_R,AfB) (Speci?e, AfflJ 

in the category of fs log scheme^ As the functor {Y,My) Y''°^ commutes with 
fiber products we have a Cartesian diagram of topological spaces 

(2.7) I 

where the lower horizontal map is an e-fold cover. We get from (|2.7p a canonical 
isomorphism 

(2.8) iJ™(f'°3,Z) ^ iJ™(^;'°^Z) 

that carries Ty^ to Ty. 

Assume, in addition, that the log scheme tt : {Y,My) — > (specC)iog satisfies the 
following condition: 

(U): for every closed point y € Y, the cokernel of the morphism tt* : Z = K* /R* — > 
{Mf/OY)y is torsion free. 

In ( |IKN) . Theorem 6.3 and Theorem 7.1) Illusie, Kato and Nakayama proved that 
under the above assumption the relative log de Rham cohomology 7J™(X, fll^^^{log)) 

is a free i?-module, the residue of the logarithmic Gauss-Manin connection on H"^{X, ft^ ^ ^(log)) 
is nilpotent, the Hodge spectral sequence, defined by the "stupid" filtration ct>, on 
il* Uog\ degenerates at the Ei term and the Hodge filtration 

splits {i.e. the associated graded i?-module is free). Moreover, there is a canonical 
isomorphisnfl 

(2.9) H"'{Y^°\ C) ~ //"(y, Wy/f.{log)) 



^Warning: the functor that takes a fs log scheme to the underlying scheme does not commute 
with the fiber products. 

^ The isomorphism 112.91 1 depends on the choice of a uniformizer of R. Our choice is t. 
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compatible with the base change F ^ Yg. Set 

F^H''^{Y,n*y0og)) := H^{Y,a>,n*y,So9)) H^{Y,n*y/c{log)). 

As an immediate corollary of the Illusie-Kato-Nakayama results we get the following 
statement. 

Lemma 2.4. (a) Let f : (X,M-y) — )■ (X ,M^') be a log morphism of smooth proper 
vertical fs log schemes over (spec i?,M^) satisfying the condition (U). Assume 
that the induced morphism of generic fibers fx : X (E) K X ® K is an isomor- 
phism. Then, for every non-negative integer m, the morphism 

f* : F'H^^iY',n*y,^cilo9)) ^ F' H"\Y,n*y/cilo9)) 

is a filtered isomorphism, 
(b) For a smooth proper vertical fs log scheme {X^M-^) satisfying the condition (U) 
and a positive integer e the canonical morphism 

F'H^{Y,Wy,c{log)) ^ F'H^{Y,,n*y^/c{^og)) 

is a filtered isomorphism. 

Assume, in addition, that X is projective. Let 

W, = C °9,Q) 

be the monodromy filtration defined by the nilpotent endomorphism Ny = log Ty of 

NyW, C W^,_2, 

Lemma 2.5. For every smooth projective vertical fs log scheme {X, Ai^) satisfying 
the condition (U) the triple {H"'{P°3 ^Z),W^H"'{Y^°3 ^Q), F^ H"'{Yan,^Y^^/ciiog))) 
together with the isomorphism i2. 9\) constitute a mixed Hodge structure. 

Proof. By the semi-stable reduction theorem ( |KKMSj . p. 198) we can find an integer 
e, a projective strictly semi-stable scheme X over Re and log morphism 

where Mj^' is given by (j2.5p and / is an isomorphism over the generic point of Rg. 

The Lemmas 12.31 and 12.41 reduce the proof to the case when X — X . In this case our 
assertion is proven in ( [KawNamj . p. 405-406 and |St3j . §5.6). □ 

To construct the functor (|2.4p we define an auxiliary subcategory SSr of the cat- 
egory of schemes over R whose objects are regular projective i?-schemes X such that 
the reduced special Yred is a strict normal crossing divisor on X. Let S C Mor{SSn) 
be the subset that consists of morphisms f : X ^ X such that fx : X^K X ®K. 

Lemma 2.6. The set S is a left multiplicative system in Mor{SSii) i ^KS| . §7j. 
Moreover, the functor 

SSh SmPrx 

that takes X to X ® K exhibits the category SmPrx as the localization of SSr by S. 

Proof. The Lemma follows from the Hironaka theorem on resolution of singularieties 
immediately. □ 
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Thus, by the universal property of the locahzation giving a functor from the cat- 
egory SmPrK to another category is equivalent to giving a functor from SSr that 
takes every morphism in <S to an isomorphism. We define a functor : SSr MHS 
as follows. Let X be an object of SSr,, and let be the canonical log structure 
given by the formula (|2.5p . For sufficiently divisible integer e the log scheme (Ye, ^y^) 
satisfies the property (U). We set 

(2.10) = °f,Z) 

The right-hand side of (j2.10p is independent of e and is naturally promoted to a 

contravariant functor : SSr MHS. By lemma [^751 ^ takes every morphism in 
S to an isomorphism. The functor (|2.4p is constructed. Let us check the required 
properties of (|2.4I) . 

a) The only non-trivial statement is that S preserves the Hodge filtration on 
H™{Ye,il.Y /c{log))- Consider the action of the group Z/eZ on the log scheme 
{Xe,Mj^ ) induced by the Galois action on Re- The restriction of this action to 
{Ye,Mj^J yields an action on H™{Ye,^lY^^f^{log)). One easily checks that the action 
of the generator 1 € Z/eZ on H"^{Ye,^Y /ci^og)) equals S. The compatibility with 
the Hodge filtration follows immediately. 

b) This follows from (g^ and Lemma O 

c) Denote by Yan = Y{C) the analytic space associated with Y. Let p : Y^°^ = 
X 51 Yan be the composition of the projection to the first factor and the 

canonical map p : 

Y^°3 ^ Yan- The complex i?p,Z e D^[Sh[Yan)) has a canonical 
automorphism Ty induced by the automorphism of the space Y^°3 . In ( [KawNamj . 
p. 405-406), Kawaniata and Namikawa put a weight filtration on the complex i?p*Q 
and proved that this filtration yields the required spectral sequence with rational 
coefficients. Thus, we just need to lift the Kawamata-Namikawa filtration to i?p*Z. 
The required canonical lifting is provided by the following result. 

Lemma 2.7. (cf. [Sa , Prop. 2.7) Assume that X is a strictly semi-stable scheme 
over R of relative dimension d. 

(a) The complex Rp,,Z is a {—d)-shifted perverse sheaf on Y (i.e., Rpt:Z[d] is a per- 
verse sheaf). Moreover, the canonical filtration T<iRp„'Z is a filtration by {—d)- 
shifted perverse subsheaves and it coincides with the filtration on Rp^Z by kernels 
of (T — 1)*+^ (computed in the abelian category of {—d)-shifted perverse sheaves): 

T<iRp^Z = Ker {{T - iy+^ : Rp^Z Rp^Z) . 

In particular, (T — 1)*^"^^ is on Rp*Z. 

(b) Let C W-dRp*Z C • • • WtRp*Z C WdRp*Z = Rp^Z be the monodromy filtra- 
tion on Rp^Z viewed as an object of the abelian category of {—d) -shifted perverse 
sheaves equipped with the nilpotent endomorphism T — 1 . Then, for every integer 
r, we have an isomorphism 

Gr^Rp^Z^ ^ A^^+i+^{M^jO*yJ^ a,,+,,Z[-z - j], 

i-j = r i-j=r 
i,j>0 

where aq denotes the embedding y*^') ^ Y . The first isomorphism is canonical, 
the second one depends on the order of the set of irreducible components ofY. 
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(c) The Verdier dual complex Py(i?p*Z) is quasi- isomorphic to i?p*Z[2dim X]. 

Proof. For the first statement it suffices to prove that, for every prime number the 
complex ® Rp^Z = Rp^Ze has the corresponding properties. According to the 
comparison results of Kato and Nakayama (see, e.g. [112] . Th. 5.9, Cor. 8.4) the 
complex Rp^Zi is quasi- isomorphic to the complex of nearby cycles R'^Zg computed 
using the etale topology. The results for R'i/Z^ are proven in ( |Sal . Lemma 2.5 and 
Cor. 2.6). The proof of the second statement is parallel to the proof of the analogous 
result for R'^Zi ( [Saj, Prop. 2.7). For the last statement of the Lemma observe that 
i?p,Z is quasi-isomorphic to i?pi*Z, where pi : 1"/°^ — > Yan is the restriction of the 
map y'°f — > Yan X S"^ to the fiber over Yan x {!}■ As the map pi is proper, we have 

2?y(i?Pi*Z) ~ Rpi^.VyiogZ. 
Finally, a simple local computation shows that P^iogZ ~ Z[2dim X]. □ 

d) The last assertion of Theorem[2]is proven in ( [IKNj Theorem 8.3, |St2] . Appen- 
dix) . The proof of Theorem [5] is now completed. 

□ 

Remark 2.8. We expect that the functor (|2.4p extends to the category of smooth 
quasi-compact rigid analytic varieties over C((i)) (c/. [A2J. 

We finish this subsection by recalling a variant of the Picard-Lefschetz formula for 
semi-stable degenerations. Let X be a projective strictly semi-stable scheme over R 
of relative dimension d, and let Y be its special fiber. The simplicial complex that 
computes the homology of the Clemens polytope Cl{Y) coincides with the complex 

^-rf,2rf^Y)(rf) ^ E-'^+^'^'^(X){d) > E°'^''(X){d), 

where E'P''{X) is the weight spectral sequence from Theorem [21 From this we get a 
canonical morphism 

(2.11) i7"(limX, Z) ^ E-'^+"''^'^(X){d) ~ Hm{Cl{Y)) 

As the weight spectral sequence degenerates rationally in E2 terms (|2.1ip yields an 
isomorphism 

(2.12) H,n{Cl{Y))®q~ GrZ^H"'\\imX){d). 
We apply this to m = rf. If 

<, >: W^H'^{\\inX) ® Gr^'i?'* (limX)(d) ^ Q 
denotes the pairing induced by Poincare duality (Lemma 12. 7[ c)) then, for every 
x= ^ OyV, y = 

KveHdiCliY))<g>Q, 

we have 

(2.13) (-1)"^ < GriV'^7(x), 7(2/) >= ^ a„6„. 

V 

This follows from compatibility of the weight spectral sequence with Poincare duality 
and the monodromy action([Sa], Cor. 2.6 and Prop. 2.15). 
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2.3. Motivic Serre Invariant. Let i? be a complete discrete valuation ring with 
perfect residue field k and fraction field K . The motivic Serre invariant of a smooth 
proper variety X over K is the class of the special fiber of a weak Neron model V 
of X in the quotient ring 

Ko{Vark)ioc ^ Ko{Vark)ioc/ - Z). 

It is shown in ( |LSj . Theorem 4.5.1) that the motivic Serre invariant S{X) is well 
defined i.e., independent of the choice of V. If X is a Calabi-Yau variety S{X) equals 
the image of the motivic integral in the quotient ring. 

Let K = C((i)). In the following Proposition, which is a refinement of A'Canipo's 
formula for the Euler characteristic of the motivic integral, we denote by (X) the 
image of S{X) under the ring homomorphim 

(2.14) KoiVarc)ioc/mi) - Z) ^ KoiMHS)/{Z{l) - Z) 

that takes the class of a variety Z to the virtual mixed Hodge structure J^i^^Ti-^ci^i ^)]- 

Proposition 2.9. Let X be a smooth projective variety over C((i)). Assume that X 
has a projective strictly semi-stable model X over C[[t]]. Then {X) is equal to the 
class ofJ2i-^y[H'{limX)]. 

Proof. We start with the following general (and well known) observation. 

Lemma 2.10. Let R be a complete discrete valuation ring with perfect residue field 
k and fraction field K , and let X be a proper flat scheme over R. Assume that X is 
regular and that the generic fiber X = X ®rK is smooth over K . Then the smooth 
locus Xsm of the morphism X spec R is a weak Neron model of X . 

Proof. Since X is smooth we have that Xsm ®r K = X. Let R' D R he & finite 
unramified extension with fraction field K' . We need to show that every morphism 
X : specif' — >■ X extends to an i?- morphism x : specR' — >■ Xsm- As X is proper over 
R, X extends to an i?-morphism x : spec R' — >■ X. We claim that x takes the closed 
point of speci?' to a smooth point, y, of the special fiber Y = X ®fi k. Since k is 
perfect, it suffices to check that y is a regular point ofY f [SGAl| . II, Cor. 5.3). Indeed, 
let Oy y (resp. OY,y) be the local ring of X (resp. Y) at y and let y C y 
(resp. rny^y C Oy.y) be the maximal ideal. We have a surjective morphism 

(2.15) mj^ y/mj^^^^ mY,y/ml.y 

of finite-dimensional vector spaces over Oj^ y/mj^ y. Let us show that the image in 
m^^/m^^ of a uniformizer t G R is not equal to 0. Indeed, we have a morphsim 

Oy y R' induced by x such that the composition R — > O-^ ^ > R' is the identity 
morphism. Since K' is unramified over K, t is also a uniformizer for R' . Therefore, t 
does not belong to . We proved that the image of t in is not 0. On 

the other hand, its image in mY.y/rriYy is 0. Hence, morphism (j2.15p is not injective 
and, therefore, 

dim m-j^ y / rriY y > dimmY,y/mYy. 
On the other hand, since X is regular, we have that dimm-^ ^ 7*^^ equals the Krull 
dimension of Cxy- Thus, dimmyy/mYy < dimO-^ y — 1 = dimOy^y. Hence, Y is 



''Related results were obtained by Nicaise (|Ni|l. 



14 



ALLEN J. STEWART AND VADIM VOLOGODSKY 



regular and, therefore, smooth at point y. It fohows that the map x : specR' — ?> X 
factors through C X. □ 



We now come back to the proof of Proposition l2.9l According to the above lemma 
the smooth locus V of X is a weak Neron model of X. Using notation of (|2.1I) and 
the inclusion-exclusion formula we find 

dim X 

On the other hand, by part c) of the Theorem[2]the class l)'[iJ*(limX)] is equal 
to the image under (|2.14l) of the class 




a=0 / 

Comparing the two formulas we complete the proof of Proposition 12.91 □ 
Let X ■ Ko{Varc) — Z be the ring homomorphism defined by 
x([^]) = E(-l)*dimi7^(Z,C). 
Notice that since x(^(l)^^) = 0, x factors uniquely through Ko{Varc)ioc/ 



We have the following corollary of Proposition 12.91 

Corollary 2.11 (cf. A'Campo ( |ACj )). Let X be a smooth projective variety over 
K = C((i)). Assume that X has a projective strictly semi-stable model X over C[[i]]. 
Then 

X {S{X)) - Y.^-ir dim H\\iuiX, C). 

In the rest of this subsection, we explain an analogue of the above Proposition for 
the finite residue field case. Let X be a local field with residue field fc = F^, and let 

K^iVar^^Xdi'^W - -> Z/(q - 1), 

be the homomorphism induced by (|1.3p . The image of S{X) in ^/(q — 1) is the 
classical Serre invariant which we denote by S''{X). 

Proposition 2.12. Let X be a smooth proper variety over K . Assume that X has a 
proper strictly semi-stable model over the ring of integers R. Then the Serre invariant 
of X is given by the formula 

(2.16) Y.'^r{F-\W{XT^Mi) 

3 

where F € G&\{K / K) is a lifting of the Frobenius automorphism Fr G Gal(fc/fc) and 
£ is a prime number different from the characteristic of k. 

Proof. This can be proved as its Hodge analogue above using the ^-adic weight spectral 
sequence. We give a different proof. Let X be a strictly semi-stable model of X. Then 
the Serre invariant of X equals |ysm(fc)| modulo {q — 1). On the other hand, if 4'(Qf) 
is the complex of nearby cycles (viewed as a complex of £-adic sheaves on Y), by the 
Grothendieck-Lefschetz formula we have 

Y,{~iyTr{F-\W{XT^,Q,)) = E(-l)'r'^(^"'' ^'(^r^ = 
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(2.17) T.i-iyTr{F-\n\^{Qe))y). 
veY{k) i 

If y € Ysmik), the corresponding internal sum equals 1. If y £ Ysing{k) then 
W{'^{Q,i))y ~ /\* T{—i), where T is a vector space with the trivial action of Ga\{K / K) 
QSGA7| . Expose I, Th. 3.3). Thus, for y G Ysingik), we have 

i 

Y,{-iyTr{F-\W{^{Qi))y) = ^(-l)Mini /\T = mod {q - 1). 

i i 

It follows that the right-hand side of (12.31) is equal to \Ysm{k)\ modulo (q — 1) which 
is the Serre invariant oi X . □ 

3. MOTIVIC INTEGRAL OF K3 SURFACES OVER C{{t)) . 

In this section we will prove Theorem [1] stated in the introduction. Without loss 
of generality we may assume that the ramification index e is equal to 1. Indeed, by 
Theorem [2] part (b), the formulas (|1.6|) and (|1.7|) for the pair {X/K,e) are equivalent 
to those for the pair {Xk^/Kc, !)■ If ^ admits a strictly semi-stable model over R 
then Xk^ admits a strictly semi-stable model over QSaj. Lemma 1.11). We will 
write ri for ri(X, K). 

3.1. Approximation of varieties over the formal disk. We will need the follow- 
ing version of Artin's Approximation Theorem. 

Proposition 3.1. Let k be a field of characteristic 0, and let X be a projective strictly 
semi-stable scheme over R = k[[t]]. For every positive integer n there exist 

(1) a smooth curve C over k with a point a G C{k), 

(2) an etale morphism h : C ^ = specfc[t] that carries a to 0, 

(3) a flat projective scheme X over C, 

(4) an isomorphism of schemes over i?„ = spec k[t] /t"^^ : 

X Xspccfl spec_R„ ~ X x^speci?„. 

Here spec i?„ is viewed as a scheme over C via the unique morphism in : spec i?„ — > C 
that carries the point to a and makes the following diagram commutative 

C 

h 

spec Rn'^ — spec A: [i] 

// C, a, h, X are as above, the scheme X is regular in an open neighborhood of its 
special fiber Y' and Y' is a reduced divisor on X with strict normal crossings. In 
addition, if X is a d-dimensional Calabi-Yau variety the collection C,a,h,X can be 
chosen so that the line bundle ^"^/c t^iol and 

(3.1) 

IX JXxcspccK' 

Here we set C^C — a, X~X x^- C , and K' denotes the fraction field of the 
completed local ring R' = O-q ^. 
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Proof. Choose an embedding X and let v : spec R Hilb(PJ) be the cor- 

responding morphism to the Hilbert scheme. Using Artin's Formal Approximation 
Theorem (see e.g., [BLR] . §3.6) on the morphism z/ we obtain (l)-(4). Next, we claim 
that the scheme X = X x^speci?' is regular. As X is proper over R' and the set of 
its regular points is open f |EGAj IV, 6.12.5) it suffices to show that the local ring of 
any point of the special fiber Y' is regular which in turn follows from property (4) and 
the regularity of X. Moreover, Y' being isomorphic to the special fiber of a strictly 
semi-stable scheme X is a strict normal crossing divisor on X and on X. Note that 
under our assumption that char fc = this implies strict semi-stability of X . 

Suppose that X is a Calabi-Yau variety. Then the divisor of any nonzero relative 
log form oj e H'^{X,il^,^^{log)) is supported on the special fiber Y of X. Write 

div(w) — ?T.j[Vi], where Vi are the irreducible components of Y. Assume that the 
quadruple C,a,h,X satisfies properties (l)-(4) with n > X^i'^i- prove the last 
assertion of the proposition, formula p.ip . we will show that there exists a section 
uj' e H^{x\ Q.^, {log)) whose divisor is supported on the special fiber Y' of x' and 
such that via the isomorphism Y '^Y' from (4) 

(3.2) div(cj) = div(cj'). 

Indeed, by Lemma 4.1 from ( [KawNamj ) . for every proper strictly semi-stable scheme 
X over R the i?-modulc H'^{X, rt^. ^ ^{log)) is free and, in addition, we have 

H''(X,n^^j^{log)) i?„ ^ H°(X®Rn,n^^j^^/j^Jlog)). 

Applying this resuh to X and x' we find that iJ"(X, Q.^^^{log)) and H°(x\ ^^'/r' ^^"^^'f 
are free modules of rank 1 over R and R' respectively and that (4) induces an iso- 
morphism 

e : H°(X, nj^^j^ilog)) ®r i?„ ^ H"(x', n^,^^,{log)) ®r i?„. 
(The _R-action on H^(x' , fl^^, ,„,(log)) comes via the isomorphism R R' induced 

X. / R 

by h.) We claim that a section u' e H^Cx' , f^^/ ,„ [log)) such that 9{uj ®l) ^ lo' ®l 

yC j R! 

does the job. Our claim is local: it suffices to show that, for a closed point h ^ X and 
local regular functions /, g G ^ such that div(/) is supported on F, ^ ■ ordy./ < n, 
and f — g € (i""*"^), one has div(/) = div{g). Let Xi be a system of local parameters 
at b such that t = x\---Xm. Then, locally around 5, we have / = a:"^ • • -x^u, 
where u is invertible and J^i ni < n. If ni > 0, g G / + (i"+^) is divisible by xi and 
^ — ^ G (t"). Arguing by induction we see that g is divisible by x"^ ■ • • x'!^ and 




In particular, g = x^^ ■ ■ ■ x^^u' for some invertible u' . 

To complete the proof of the proposition let us explain how (|3.2p implies (|3.ip . 
Suppose that the pair X, uj' G H^{X , fli-, ^^^[log)) is chosen such that that equation 

(|3.2p holds. Then, in particular, w' restricts to a non-vanishing differential form on 
X'. Thus, X' is a Calabi-Yau variety. Secondly, by Lemma [2.101 the schemes Xsm 
and Xg^ are weak Neron models of X and X' respectively. Moreover, by property 
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(4) and p. 21) there exists an isomorphism between the special fibers of Xg^ and 
that carries div(w) to div(a;'). Using (|1.2p formula p.ip follows. □ 

3.2. Kulikov model. It is enough to prove Theorem [T] in the case where X is the 
restriction of a strictly semi-stable family over a complex curve. Indeed, apply Propo- 
sition [XT] to a strictly semi-stable model X oi X. As the limit mixed Hodge structure 
of a strictly semi-stable scheme depends only on its special fiber together with its 
log structure which, in turn, is determined by its first infinitesimal neighborhood 
X R/t'^, the formulas (|1.6p . (|1.7p for X are equivalent to those ioi X Xc spec K'. 

Let X be a K3 surface over K, which is the restriction of a strictly semi-stable 
family over a complex curve. In ( |Kuj . Theorem 2), Kulikov demonstrated that X 
has a projective strictly semi-stable model X over R such that the log canonical 
bundle ^l^^^{log) is trivial and the special fiber Y is of one of the following types 
(depending on the number s defined in Theorem [1} 

(I) (s = 1) F is a smooth K3 surface 

(II) (s 2) y is a chain of smooth surfaces Vq, . . . , Vm ruled by elliptic curves, with 
smooth rational surfaces on either end and each double curve Vi D Vi+i is a 
smooth elliptic curve. 
(Ill) (s = 3) y is a union of smooth rational surfaces whose pairwise intersections 
are smooth rational curves and the Clemens polytope of K is a triangulation 
of S\ 

In addition, for s = 2, Friedman showed in ([E], Theorem 2.2) that a Kulikov model 
can be chosen so that all the ruled elliptic surfaces in Y are minimal i.e., P^-fibrations 
over an elliptic curve. We shall call such model special. 
If X is a Kulikov model, we have 

(3.3) / =[Ysm]- 

J X 

Indeed, by Lemma [2.101 the smooth locus Xsm of X is a weak Neron model of X. 
Moreover, since the log canonical bundle ^^/Alog) is trivial, the bundle Vi^ 

(which is isomorphic to the restriction of ^ ^(log) to Xsm) is also trivial. If cj G 

r(Xsy^,il^ ) is a trivializing section, the numbers appearing in formula (II. Ip 

sm / ix 

are all equal to 0. Thus, by formula (II. 2p the motivic integral is equal to the sum 
of classes of the irreducible components of ■ Since Ygm is smooth its irreducible 
components are pairwise disjoint and, hence, the sum of its classes is equal to [Kjm]- 

3.3. Type II Degeneration. Suppose that X is a type II special Kulikov model. 
Let Vq , . . . , Vm be the irreducible components of Y such that Vq and Vm are rational 
surfaces, and let d = Vi Ci Vi+i be the double curves. 

Lemma 3.2. (1) Let Ei, . . . , Em-i be ruling elliptic curves for Vi , . . . , Vm-i ■ Then 

Ci = Ei ^ Ej = Cj for all i and j . 
(2) At least one of the rational components, Vq or Vm, is not minimal. 
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Proof. (1). We will first prove that Ei = i?2- Let Ci and C2 be elliptic curves given 
by the intersection Vi n V2 and V2 n V3 respectively. We have the following diagram 

CiC ^ V2 ^ ^C2 




Notice that the maps /i and /2 cannot be constant since this would imply the existence 
of injections of Ci and C2 into rational curves. Thus /i and /2 must be finite. The 
triviality of the log canonical bundle fly (log) implies that for the canonical class ify^ 
we have = —[Ci] — [^2]- On the other hand, the restriction of to a smooth 
fiber, h^^{a), of the map ft, : V2 — > -B2 is isomorphic to Kf^-i^^^y As h^^(a) is a smooth 
rational curve, we have that deg{Kv2\h-'^(a)) = ~2 which implies the degree of the 
divisor — [Ci] — [C2] intersected with the fiber h^^{a) is —2. Hence the images of Ci 
and C'2 in V2 have only one intersection point with a generic fiber which implies /i 
and /2 are one-to-one and Ci = E2 = C2- We then apply the same method of proof 
to show that C2 = -E3 = C3 and so on. 

(2). We claim that for a minimal ruled elliptic surface Vi and two disjoint sections 
Ci_i, Ci C Vi, we have 

Indeed, the Neron-Severi group of Vi is generated by the class [Ci] of Ci and the class 
[Pi] of a smooth fiber of the map V ^ E,. If [d-i] = [C,] + c[P^], we have 

= {c[p%^ = - [c,])i = {[c,^i])i^ + . 

On the other hand, since Y is the special fiber of a semi-stable degeneration, we have 
for every i 

Combining the two formulas we see that ([Co])^^ — — {[Cm~i])v ■ particular, at 
least for one of the rational components, say Vq, the self-intersection of the double 
curve lying on it is non-positive. Thus, (ifyo)vb ~ (~[^o])vo — 0- Using Noether's 
formula ( [Bea| 1.14) it follows that Vq is not minimal. □ 

Let E be an elliptic curve such that E = Ci for all i. Then we get from (jA.ip 

m m — 1 m 

Since Vq and Vm are both rational surfaces we have [Vq] = Z + aoZ(— 1) -I- Z(— 2) and 
[Kn] = 'Z + amZ(— 1) -I- Z(— 2). Each Vi for l<i<m — lis birationally equivalent to 
pi X E. Thus, by f [Beaj 11.11), [V^i] = x P^] + aiZ(-l) for 1 < i < m - 1. Letting 
a ~ J2"Lq o-i we have 

/ = 2Z + aZ(-l) + (m - 1)[S] • [P^] + 2Z(-2) - 2m[E] 
Jx 

= 2Z + aZ(-l) + (m - 1)[£;] + (m - 1)[S](-1) + 2Z(-2) - 2m[E] 
= 2Z + aZ(-l) - {m+l)[E] + (m - 1)[S](-1) + 2Z(-2). 
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Using Corollary 12.111 and the fact that the Euler characteristic of a K3 surface is 24 
it follows that a = 20. Thus we have the formula 

/ = 2Z - (m + 1)[£:] + 20Z(-1) + (m - 1)[E]{-1) + 2Z(-2). 

Now we want to express the number of double curves m and the class of the elliptic 
curve [E] in terms of the limit mixed Hodge structure H^{\imX). First, we show 
that the integral weight spectral sequence E^'^ from Theorem [2] degenerates at the 
second term. Since it degenerates rationally it will suffice to show that the E2 terms 
are torsion free. The nontrivial portion of the first term of the spectral sequence is 

®T=-,'H\c.){-\) ^ ®T=ri'H'iVi) 

(3.4) ®"o'^°(C.)(-l) ®T=oHHV^) ®T="oH\C,) 

The first and the last complexes compute (co)homology of the Clemens polytope 
of Y and, hence, are quasi-isomorphic to Z. Consider the middle complex. The 
map $2 is injective since 62 ^ Q is. Let us prove that 82 is surjective. For every 
(wo, . . . , u„) e ^'^oH^iVi), we have 

For every 1 < i < m — 1 the restriction morphisms H^{Vi) — > H'^{Ci), H^{Vi) — > 
H^{Ci^i) are surjective because Vi is ruled over Ci and over Ci_i. By part (2) of 
Lemma [3.21 one of the rational surfaces, say Vb, is not minimal. If D is a smooth 
rational — 1-curve on Vq, we have 

-l = {Kv„-D)v„^{-Co-D)v,. 

In particular, the restriction morphism _ff^(Vo) — > H^{Co) is surjective. Surjectivity 
of 62 follows. Thus, the third complex in (13. 4p has nontrivial cohomology only in the 
middle degree. As the complex is self-dual, the middle cohomology group must be 
torsion free. Consider the fourth complex. Identifying H^{Ci) with H^{E) =: H, we 
find that the fourth complex is isomorphic to 

with the differential given by the formula 

(5l(ui, . . . ,Um-l) = (Ui, U2 - Ui, . . . ,M„i_l - U,„_2, -Um-l)- 
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In particular, it has nontrivial cohomology group only in a single degree and this 
group is isomorphic to H. The second complex in p.4|) is dual to the fourth one. 
This completes the proof of degeneration. 

Since the spectral sequence degenerates at E2 and the E2 terms are torsion free 
it follows that Wf = Coker((5i) = H = H^iE,Z). Thus determines the elliptic 
curve E. 

It remains to prove that = t-iQ Indeed, we have the following commutative 
diagram of abelian groups 



e: 



H' 



3m-l 




where A is the diagonal map, S is the summation map, and 5^ is given by the formula 

(53(mO, . . . ,Um-l) = (Wl - UO, ■ ■ ■ ,Wm~l " Um-2)- 

It follows that 

iV = S o A = m/d, 

and thus we have 

n I Coker(T4^|^ A Wf)\ ^ \ Coker(i7 ^ H)\ = . 
This completes this proof of the Theorem for type II degenerations. 

3.4. Type III Degeneration. Suppose that X is a type III Kulikov degeneration. 

In (pS , Prop. 7.1), Friedman and Scattone proved that the number of triple points 

of Y is equal to T2- Then since the Clemens polytope of F is a triangulation of S"^ it 

3 

follows that the number of double curves in Y is equal to — r2 and using Euler's formula 

for triangulizations of a sphere we have that the number of irreducible components 
^2 

of Y equals — + 2. We know that each irreducible component of F is a smooth 

rational surface and each Cj is a smooth rational curve. Thus for each Cj we have 
[Cj] = Z + TL{—V) and since every non-singular rational surface can be obtained 
by blowing up either the projective plane or a Hirzebruch surface it follows that 
\yj\ = Z + ajZ(— 1) + Z(— 2) for some ai S Z>o. Let a = a^. Then, we have 

/ = ^ m-2 [Q]+3'^2z 

= + 2) Z + aZ(-l) + + 2) Z(-2) - 3r2(Z + Z(-l)) + 3r2Z 
= + 2) Z(-2) + (a - 3r2) Z(-l) + + 2) Z 
Finally, using Proposition 12.91 it follows that 

a — 3r2 = 20 — r2. 



'^This fact is stated without proof in f | FSp . 
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Remark 3.3. We claim that in notation of i i3.4l the canonical map (|2.11|) 

(3.5) WllW^ H2{Cl{Y)) 

is an isomorphism. Indeed, let a; be a generator of Wf /W^, and let 

ie7ro(y(2)) 

where Si are 2-simplices of Cl{Y). Then, since 7(x) G H2{Cl{Y)), the boundary of the 
2-dimensional chain X]ie7ro(i'(^') ^® form a triangulation of a compact 

connected manifold it follows that all the numbers \bi\ are equal one to the othei0. If 
b denotes their common value, we have by the Picard-Lefschetz formula (12.131) 

- < GrN^j{x),j{x) >= = l'^" (^^'0 l^'- 

ie7ro(y(2)) 

The number at the left-hand side of the above formula equals r2 ■ Thus by Friedman- 
Scattone's result b — 1 and therefore 7(0;) is a generator of H2{Cl{Y)). 

It follows from a general result of Berkovich explained in the next section that 
the group H2{Cl{Y)) and morphism (|3.5I) are independent of the choice of a strictly 
semi-stable model X. Thus, it is an isomorphism for every such model. 

4. The monodromy pairing. 

Let K he a. complete discrete valuation field, and let K be the completion of 
an algebraic closure K of K. In ( |Berl| ). Berkovich developed a theory of analytic 
spaces over K. The underlying topological space |^^"| of the analytification of a 
scheme X over K has interesting topological invariants (in contrast with the space 
X{K) equipped with the usual topology, which is totally disconnected). In partic- 
ular, if X is the generic fiber of a proper strictly semi-stable scheme X over R the 
space \X'ip\ is homotopy equivalent to the Clemens polytope of the special fiber Y 
f [Ber3] . §5). In this section we construct a positive pairing on the singular cohomol- 
ogy group if™(|Xi"|,Q) that generalizes Grothendieck's monodromy pairing in the 
case of abelian varieties. Applications to motivic integrals are discussed in the last 
section. 

4.1. Cohomology of the analytic space associated with a smooth scheme. 

Let i? be a complete discrete valuation domain, K its fraction field, k the residue 
field, and let / C G = Ga,l{K / K) be the inertia subgroup. We denote by s and f] the 
closed and generic points of spec R respectively. For a prime number £ different from 
charfc, we have a canonical surjection f |SGA7| , I, §0.3) 

X:/^Z,(1)(I). 

If p : G — s> Aut(V^) is a finite rank Z^-representation of G there is a canonical G- 
homomorphism: 

N:V®Qeil)-^V®Qe, 



"Indeed, every 1-simplex t of the triangulation has precisely two 2-simplices, say Si and Sj , 
adjacent to it. Thus, in order to have the cocfScient at e of the boundary of '^/{x) vanish must 
be equal to \bj\. 
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defined as follows. The composition Log op with the ^-adic logarithm Aut(F) — s- 
End{V (^Qi) restricted to the inertia subgroup / factors through x- The map ^^(l) — !■ 
End(l/ <g) Qe) yields N. 

Denote by K the completion of the algebraic closure K with respect to the unique 
valuation K Q extending the valuation on K. For a smooth scheme X of finite 
type over K, let Xi" be the iiT-analytic space associated with X (^k K ( [Berl] . §3.4), 
and let be the underlying topological space. According to f |Ber3| . Theorem 9.1; 

|HLj . Theorem 13.1.7) \X'}~}\ is a paracompact locally contractible topological space 
honiotopy equivalent to a finite CW complex. In particular, the singular cohomology 
groups 

rjj(x) = i?'"(|x|"|,C7) 

with coefficients in a ring C are finitely generated C-modules. The action of the Galois 
group G on \X'~''\ induces one on r™(X). In ( |HL] . Theorem 13.1.8) Hrushovski and 
Loeser proved that there exists a finite normal extension K' D K such that the 
morphism 

H"WX'^^,C) i?"(|X|"|,C) = T'giX) 

is an isomorphisn:0. It follows, that the action of G on r^{X) factors through a finite 
quotient G = Gal(K/K) -» Gal{K'/K). 

Theorem 3. For every smooth variety X and every prime number i ^ charfc, the 
canonical morphism f \Ber2\ . Theorem 7.5.4; |Ber3j . Theorem 3.2) 

(4.1) 7 : T^^iX) ^ ff'"(A|",Z,) ^ i?"(X^,Z,) 
induces an isomorphism of G-modules 

(4.2) T^^{X) ^ /m(H'"(X^,Q,)(m) ^ i7™(X^,Q,)). 

We wiU write iV™i/™(X^, Qg) for the right-hand side of g21)- 

Proof. Without loss of generality we may assume that k is separably closed and that 
X is irreducible. We first prove the theorem assuming that X is projective and 
has a strictly semi-stable model X over R. In this case, according to a key result 
of Berkovich f |Ber3| . §5), Tq{X) is isomorphic to the singular cohomology of the 
Clemens polytope of the special fiber of X. On the other hand, we consider the 
weight filtration Wi on Qf) (^RZj, [Sa]). Interpreting the cohomology of 

the Clemens polytope as the weight zero part of i7™(X-j^, Q^) we find that (|4.2I) is 
equivalent to a special case of Deligne's monodromy conjecture which asserts that, 
for every integer < z < m, the morphism 

: Gr^+'i/'"(X^,Q,)(z) ^ Gr'^^-' H"^{XT^,Qi) 

is an isomorphism. We prove Deligne's conjecture for i = m using the method of 
Steenbrink (who proved it for all i and fc = C). To prove the theorem for arbitrary 
smooth X we show that the functors rj? and A^^iJ™, first, admit transfers for 

Me ' ' 

^This result was announced in ( |Ber3l . Theorem 10.1), however the proof in loc.cit. is not correct: 
the assertion on p. 82 that a proper hyper-covering of a scheme X induces a hyper-covering of the 
topological space is false. Example: take the hyper-covering associated with the r-fold etale 

cover Gm — > Gm- If the associated simplicial topological space over were a hyper-covering one 

would get an isomorphism between the cohomology of the contractible space and the group 

cohomology H* {li/rX, A). In fact, r^(X) is an interesting example of cohomology theory that does 
not have the etale descent property. 
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finite morphisms and, second, take every dominant open embedding U ^ X to an 
isomorphism. Finally, we use de Jong's alteration result to complete the proof. 

Step 1. Assuming that X has a projective strictly semi-stable model X over R, 
X ~ X ®R K. Denote by D^, i = 1, 2, ■ • • , s the irreducible components of the special 
fiber r = X ® fc; 



/C{1.--- ,s},|/|=g+l iel 



and by ttq (F'^''^) the set of connected components of y^''^. We have a commutative 
diagram 



(4.3) 



r5',(^) 



E^^'\X) 



where £'™'°(X) is the weight zero term of the weight spectral sequence converging to 
H™{Xj^,Qe) ([Si]). According to ( |Na) ) the weight spectral sequence degenerates at 
E2', in particular the morphism p is injective. Since the range of the weight filtration 
on H"'-{Xj^,Qe) is at most 2m and N shifts the filtration by 2, we have 

(4.4) iV'"i/™(Xj^,Q,) c/m(p). 

Consider the commutative diagram 

«- H'^iXT^,Qe){m) 



£;2-"^'"(X)(m) 



(4.5) 



e: 



m,0 



N 



The upper horizontal arrow in this diagram is the projection to the weight 2m quo- 
tient. We will prove, following the method of ( (Stl) . §5), that, for every m, one 
has 



(4.6) 



iv'" : e: 



-m,2m 



(X)(m) 



E^^'iX). 



This trivially holds for d dim A" < m because in this case both sides of (14. 6p equal 
0. Let us prove ()4.6p for m ^ d. Consider the following commutative diagram ( jSa| ) 



E- 



d-1,0 



\ 







where 



^ E^^^'^id) ^ i/o = E-''^"'{d) ^ £;-'^+i'2<i(d) 



E 



the diagonal morphism is N , and the vertical arrow is the identity morphism. The 
rows of the above diagram are exact and dual to one another. In particular, we have 
a non-degenerate paring 

<,>:Ef®E-''^^\d)^qi 
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that identifies i?2^'''^'^(rf) with Hd{Cl{Y)) (E> Qi. Next, consider the symmetric form 

(4.7) E:^'^-^'^{d) (E> E:^'^-'^'^{d) ^ Qf, x®y>-^< jfx, y > . 
We claim that (j4.7p is non-degenerate. In fact, if 

x= J2 J2 ^ E-'''^''(x){d) c Qi 

we have 

< N''x,y >^'^ayby. 
Thus (|4.7p comes by extension of scalars from a positive form 

(4.8) HdiCliY),Q)^Hd{Cl{Y),Q) ^Q. 

This proves that the morphism (j4.6p is injective; since dim E^'^''^'^ = dim E^'^^ it 
must be an isomorphism. 

Assume that < m < d. Choose an embedding X ^ P;^ and a generic hyperplane 
section Z = X n p^-''+" of dimension m; Z = X n P^-''+™. Then Z is again 
strictly semi-stable and the embedding i : Z ^ X induces a morphism of spectral 
sequences E^''^{X) — > EjP''^{Z). By the Hard Lefschetz Theorem the composition of 
the restriction morphism and the Poincare pairing 

is non-degenerate. The induced isomorphism H"^{Xj^,Q£) — > (_ff™(X;^, Qf))*(— m) 
takes E^'"(X) C i7"(X^,Q,) to {E^""-^"" (X))* C (i/'"(X^, Q,))*. Thus 

dim El^^^iX) < dim E-^'^^'^iX). 

Let us show that (|4.6p is injective. It is enough to check that in the commutative 
diagram 

^-'"■2"(X)(m) 
(4-9) I** 

i?-"''"(Z)(m) 
the left downward arrow is an injection. We have 

E^"'^^"'(X){m) ^-"'2"(X)(m) =ii'0(F(™),Q^) 

(4.10) 

^-™,2m^^^^^^^^ ^ £;-™^2"(z)(m) = 770(r(") n p^-'^+™, q,). 

In this commutative diagram the upper horizontal arrow is an injection because the 
incoming differential = E-'^-''^"'{X) E'^^'^'^iX) is trivial. The right down- 
ward arrow is an injection because p^~"+'" intersects every connected component of 
y(m)^ This completes the proof of (|^^ and that of 

Step 2. Hrushovski and Loeser proved in ( |HLj . Th. 13.1.8) that for every smooth 
variety X and an open dense subset U G X the restriction morphism 

(4.11) T'S{X)^T'S{U) 




^ E^'°(X) 



N 



E^^'\-Z). 
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is an isomorphism. Let us show that the functor at the right-hand side of (|4.2|) has 
the same property: 

(4.12) N^H^{Xt^, Q,) ^ N"'H"'{Ut^, Q,). 

We first prove (|4.12p in the case when X is the generic fiber of a projective strictly 
semi-stable pair {X,Z — Z j Li Y) over R ( |deJl| . §6.3) and j : U ^ X is the 
complement to Z = Z (E)K in X. Denote by T the special fiber Zf(E)k of the flat part 
of Z and by j -.Y — T^Y the embedding. The idea of the following argument (that 
goes back to Nakayama ( [Na] )) is the following. When the residue field k is finite 
(j4.12p can be derived form the Weil conjectures, proven by Deligne, and the formula 
(j4.6p proven in Step 1 (c/. |Ber4j p. 672). In general, the works of Fujiwara, Kato 
and Nakayama on logarithmic etale cohomology ([I12J) imply that ^-adic cohomology 
groups of X and U depend only on the special fibers, Y and Y — T, endowed with 
their natural log structures (that, in turn, are determined by the first infinitesimal 
neighborhood of Y (resp. Y — T) in X (resp. X — Zf)). Then, a specialization 
argument enables one to reduce to the finite field case. Let us explain the details. 

For a scheme Siog over the log point (spec k)iog we denote by _Re, the functor from 
the derived category of £-adic sheaves on the Kummer etale site, 5^/^*, to the derived 
category of £-adic sheaves on S equipped with an endomorphism of weight 2 i.e., a 
morphism N : T ^ J^(— 1) ( [I12j . §8, p. 308). Consider the log structure on the 
scheme X associated with the divisor Y, and let Yiog — {Y,My) be the special fiber 
with the induced log structure. According to ( [Il2] . §8, Cor. 8.4.3) the action of 
the wild inertia P C Gal(AYi^) on the complexes of nearby cycles ^'Q^, '^Rj^.Qe is 
trivial. Therefore we can and we will view the nearby cycles as objects of the derived 
category of £-adic sheaves on Y endowed with an endomorphism N of weight 2. Then, 
we have 

mi - Re*{Qe), 
■^Rj.Qe ^ R~e4R3M)- 
We have to prove that the morphism 

7V™H'"(r^,i?g4(Q,)) N"'H"\Yf:,Re4R3M)) 

is an isomorphism. This will follow from a more general fact about log schemes over 
(specfc)/og. 

Let Yiog = {Y,My) be a fs log scheme over (specfc)/og, and let T ^ y be closed 
subscheme. We will say that {Yiog,T) is a standard log strictly semi-stable pair if, 
for some integers < a < 6 < d, there is an isomorphism between Yiog and the 
special fiber the log scheme spec R[xo, ■ ■ ■ Xd]/ {xq ■ ■ ■ Xa — n) (with the log structure 
defined by the divisor tt = 0) that takes T to the subscheme given by the equation 
Xa+i ■ ■ ■ Xh — 0. We will say that {Yiog,T) is a log strictly semi-stable pair if every 
point of Y has a Zariski neighborhood U such that {Uiog,T n U) admits a strict 
etale morphism to a standard log strictly semi-stable pair. If this is the case, every 
irreducible component of T = Ti U • • • U r„ with the log structure induced from Y 
and Ti n (Ti U • • • Ti_i) C Ti is again a log strictly semi-stable pair. 

Let {Yiog,T) be a proper log strictly semi-stable pair. In f [Na| . §1), Nakayama 
constructed the weight spectral sequence i?^' converging to H™{Y ® k, R€*{Qe)) and 
proved that it degenerates in the £^2-terms. In particular, for every integer m, the 
canonical morphism 

H::^giCliY)) ^ e:^'° -^H"^{Y® k, R~e4Qi)) 
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is an embedding. 

Lemma 4.1. For every proper log strictly semi-stable pair (Y/og,T) the composition 

(4.13) i/™„,(CT(r^),Q,) ^ H^{Yj,mMd) ^ H'"\Yt:,RI,{R3M^)) 
is a monomorphism whose image contains N"^H"^{Y-j^, Re,,{Rj^Qi)). 

Proof. The specialization argument of Nakayama ( [Naj ) reduces the statement to the 
case when fc is a finite field; in the rest of the proof we will be assuming that this is 
the case. The vector spaces appearing in (j4.13p carry an action of the Galois group 
Gal(fc/A;). Let us look at the action of the Frobenius element Fr g Ga\{k/k). For 
a finite-dimensional ^-adic representation V of Gal(A;/fc) we denote by Vq the largest 
invariant subspace of V such that all the eigenvalues of Fr on Vq are roots of unity. 
Looking at the weight spectral sequence we see that 

£;r° = (i?"(ir,i?e,(Q^))o. 

Thus, to prove the lemma it suffices to show the following: 

(a) 

(4.14) (i/™(r^,i?g.(Q,)))^ ^ {H^^Y-j:,R~e4R-jM))), ■ 

(b) The eigenvalues of Fr acting on i7™ (1^, i?e, {Rj^,Qe)) are Weil numbers of weights 
from to 2m. 

Arguing by induction on d = dimK we assume that the above assertions hold for 
log strictly semi-stable pairs of dimension less then d. Let Ti , • • • T!„ be irreducible 
components of T, let Yj be the complement to lJi<j Consider the Gysin 

exact sequence 

> ^(T^^^nYj)®k,Rh{Qi)) (-1) ^ H"\Y, ®k,R~e,{Qi)) 

-> H"\Y,+i®k,R~e4Qe)) ^ n F,) ® I, i??4Q,)) (-1) ^ ■•• 

By our induction assumption the boundary terms of the sequence have weights be- 
tween 2 and 2m. Induction on j proves the first claim (|4.14p . The second claim 
also follows from the above and from the fact that H™{Y k, Re^,{Qi)) has weights 
between and 2m. □ 

As we know from Step 1, for a projective strictly semi-stable scheme X over R, we 
have 

N"'H"'{Xj^,Qe) ^ 

This together with the Lemma ILT] complete the proof of (|4.12p for strictly semi-stable 
pairs. 

Before going further, recall that, for every generically finite surjective morphism 
/ : X' — > AT of smooth connected varieties, the induced map 

is injective. In fact, the canonical isomorphism Qe — > Rf'Qi defines by adjunction 
a morphism 

Rmi ^ RMi ^ Qi. 
In turn, the latter yields the transfer morphism 

:i/™(A^,Q,)^i/"(A5^,Q,) 
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such that the composition /»/* equals multipUcation by the degree of / over the 
generic point. 

Let us return to the proof of (|4.12l) . Without loss of generahty we may assume 
that X is connected. Then, by de Jong's resuh ( }deJl| . §6.3) we can find a proper 
generically finite surjective morphism f : X' ^ X such that X' is an open subscheme 
of a connected projective strictly semi-stable scheme X over a finite extension R' D R 
and such that {X ,X — X') is a strictly semi-stable pair. Applying de Jong's result 
once again, we find a proper generically finite surjective morphism g : X X , with 
connected X , such that {X ,X — {fg)^^{U)) is a projective strictly semi-stable 
pair over some R" D R' . Diagram: 

(/s)-'(Cf) ^ X' ^ x" 

1 1 [' 

(4.15) /-i(c/) ^ X' ^ X' 

1 1' 

U ^ X 

We know that (|4.12p is true for the embeddings X' ^ x' iSi K and 9^^f^^{U) ^ 
X" ® Define a morphism u : N"'W{Uj^,Qi) -> N"^H'^{Xj^,Qe) to be the 

composition 

7V'"i7"(C/^,Q,) N^'H'" ((/.g)-i(C/)^,Q,) ^ iV"i/"(X" ® 7?, Q,) 

]Sfmjjrn(j' ^ ^ N"" H"\X' ® K, Qe) A iV"if"(X (g) K, Qe)- 

An easy diagram chase shows that u divided by the degree of the morphism fg over 
the generic point is the two-sided inverse to the restriction morphism (|4.12p . 

Step 3. Let / : C/' -> C/ be a finite surjective morphism of connected smooth 
varieties. Assume that the corresponding extension Rat(X) C Rat(X') of the field 
of rational functions is normal and let G be its Galois group. Then, the puUback 
morphism /* induces an isomrphism 

Let us show the functor Fq has the same property: 

(4.16) T"^{u) ^ {r^{u')f. 

Indeed, by f |Ber2] . Prop. 4.2.4), the cohomology of the topological space with 
rational coefficients coincides with the etale cohomology of the analytic space Ifip 
with coefficients in Q. Next, since the functor of G-invariants is exact in any Q-linear 
abelian category, we have 

We complete the proof of ()4.16p by showing that the canonical morphism Q {f*Q)'^ 
is an isomorphism. In fact, the weak base change theorem ( Ber2^ Th. 5.3.1) reduces 
the statement to the case when Uf^ is a single point. In this case G acts transitively 
on points of U'~ and our assertion follows. 



IVdeed, {X',X' -X') is a strictly semi-stable pair over R' . Therefore, we have N"^ H™" {X Xjii 
'K,Qe) Af™/i'™(X' Xfl, K,Qt). This implies that the morphism N'^H'^(x' X,(Qf) -s> 
N"'H"^{X' Xji K,Qi) is an isomorphism as well. 
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Step 4- Now we can complete the proof of Theorem [3l We may assume that X is 
connected. Then, by ( |deJ2| . Th 5.9), there exists a proper generically finite surjective 
morphism f : X' ^ X such that the field extension Rat(X) C Rat(X') is normal, 

X' is an open subscheme of a connected projective strictly semi-stable scheme X 
over a finite extension R' D R. Let U be an open dense subset of X over which / is 
finite. By the result of Step 1 the Theorem is true for X Then, by Step 2 it is 
true for f~^{U) and thus, by Step 3, for U. Applying the result of Step 2 once again 
we complete the proof of Theorem [31 

□ 

Remark 4.2. The groups rj(X) are related to the weight zero part of motivic 
vanishing cycles ^'(X) e DM^l/{k) of X ([JT], [S2]). Namely, if charfc = 0, one has 

Remark 4.3. Assume that K = C{{t)). For every smooth projective X/K there is 
a canonical morphism (c/. [Ber5j . Theorem 5.1) 

(4.17) rg^(X) ^ n iJ™(limX, Z) 
that induces an isomorphism modulo torsion 

(4.18) r5'(X) ~ VKo^i?'"(limX). 

Morphism (|4.17p can be constructed as follows. Pick a finite extension K' D K and 
strictly semi-stable model Xj^/ of Xk' = X ®k K' over the integral closure R' of R 
in K' . Then (|4.17p is defined to be the composition 

(4.19) r™(X) r^iXK') H^{Cl{Y)) 
n " (lim Xk',Z)^ n ™ (lim X, Z) , 

where Y is the special fiber of and the map H'"'{Cl{Y)) W^nH'"'{\imXK',I') 
comes from the weight spectral sequence (see iJ2.2l) . As the weight spectral sequence 
with rational coefficients degenerates at E2 terms the above composition is an iso- 
morphism up to torsion. The composition of (j4.19l) with the embedding D 
iJ'"(limX, Z) ^ H'^iX^, Zt) equals the canonical morphism T^{X) -J> H"^{Xj^, Zi) 
from Theorem El Thus, the morphism r^{X) -J> D i/" (lim X, Z) induced by 
(14.191) is independent of the choice of K' and Xb/ ■ 
In general, morphism (|4.17p is not bijective. 

We conjecture that for every smooth proper variety X over K, one has 

(4.20) dimQ r^'iX) < dimA- i/"(X, Ox). 
Conjecture ()4.20p is motivated by the following result. 

Proposition 4.4. The inequality ( [/^.ijO| ) is true if either of the following conditions 
holds. 

(a) charfc = 0. 

(b) K is a finite extension of Qp . 



l^Indeed, the result of Step 1 implies that the morphism H"^(\X"'" x^/ K\,Qe) -> 
N"^H"^{X' Xif, K,Qe) is an isomorphism. This implies that H"^{\X"^" Xk K\,Qi) 
N^H™-{X' Xk K,Qi) is also an isomorphism. 
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Proof. When proving the first part of the Proposition, we may assume that R — C[[t]] 
and X is the generic fiber of a strictly semi-stable scheme X over R ( [HLj . Theorem 
f3.f .8). In this case, we have 

T^{X) H"zUY,Q) ^ W^H"\]imX). 

where Y is the special fiber of X. The first part of the Proposition now follows from 
the inequality dimQ W^,^ < dime -F°/F^ — dimK H™'{X,Ox)- For the second part, 
recall from f |Ber2] . Theorem 1.1) that r^(X) is isomorphic to the subspace of the 
p-adic cohomology Qp) (S^q^ K that consists of smooth vectors i.e., vectors 

whose stabilizer in G is open. Thus, 

dim;^ r^(X) < dimK(i/"(X^, Qp) Cpf - dimx H"\X, Ox)- 

The last equality follows from the Hodge- Tate decomposition proven by Faltings 

im). □ 



4.2. The monodromy pairing. Let X be a smooth variety over a complete discrete 
valuation field K and d = dvcaX. In this subsection we define a canonical positive 
symmetric form (that we shall call the monodromy pairing) 

(4.21) (.,•) :r^(x)®r^(^)^Q. 

The group T'^[X) as well as the monodromy pairing depends only on the class of X 
modulo birational equivalence. 
First, we define a pairing 

(•, : N''H\Xj^,Qt) ® N''H^{Xt^,Q,) ^ Q,. 

By ( [deJlj . Th 4.1, Rem. 4.2), there exists a proper generically finite surjective 
morphism f : X' ^ X such that X' is an open subscheme of a smooth projective 
variety X' over a finite extension K' D K. Let r be the degree of / over the generic 
point. Consider the morphism 

T ■■ N''H''{Xt^Mi) ^ N''H''{XL^Mt) ^ N'^H'^iXL^Mi)^ 
The left arrow is an isomorphism by (|4.12p . Given x,y ^ N'^H'^{X^, Qi) we set 



(-1) 



d(d-i) 



(4.22) (x, y)e = ^ < / (x), / {y') >, 

r 

where y' G H'^{X^, Qi){d) is an element such that N'^y' — y and 

<,>: H^{X^,(}e) ® H''{X^,Qi)id) ^ Qi 

is the Poincare pairing. Let us check that (•, ■)i is well defined. Indeed, if y" is another 
element such that N'^y" — y, then 

< T{x),T{y' - y") >=< N'Ti^'lTiy' - y") > 
^{-if <T{^'),N'T{y' ~y") >-o. 

The independence of the choice of X', f and X' follows from the fact that given 
another such triple X", g and X" we can find a smooth projective scheme over some 
finite extension of K that admits proper generically finite surjective morphisms to 
both X' and X" . 

Let us also remark that the pairing (•, •)£ is symmetric. 



12- 



We write for the fiber product of X' and specii" over specii". 
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Theorem 4. For every smooth connected variety X of dimension d, the restriction 
{^■21^ of the pairing (•, ■)i to the subspace 

takes values in Q and is independent of I ^ charfc. Moreover, the pairing \^.2V^ is 
positively defined (and, in particular, non-degenerate). 

Proof. Thanks to the birational invariance property of V^i^X) (|4.11|) and de Jong's 
semi-stable reduction theorem ( |deJlj . §6.3) it is enough to prove the theorem in the 
case when X is the generic fiber of a strictly semi-stable projective scheme X over R. 
In this case, using ()4.3|) we have a canonical isomorphism rq{X) ~ H'^{Cl{Y), Q) that 
identifies, by the Picard-Lefschetz formula (c/. (|2.13p ). the pairing (•, ■)g restricted to 
T^iX) with the dual of the pairing (|48)) . □ 

Remark 4.5. The construction of the monodromy pairing can be generalized as 
follows. For a pair (X, /i), where X is a smooth projective variety over K and S 
H^{X, Qe{l)) is the class of an ample line bundle over X, and an integer m < d, we 
define a positive symmetric form 

(4.23) (•,.)m :r^W®r^W^Q 

to be the composition 

r^{X)<g>T^{X) ^ iV™i7"(X^,Q,) ® 7V'"i/™(X^,Q,) ^'^^ Qe, 

where {x, N™-y')ii^^ — (— 1) * 2 < ™ >• Let us prove that (|4.23p is indepen- 

dent of (. and positive. Without loss of generality, we may assume that /i is the class 
of very ample line bundle L. Let X ^ be the corresponding embedding, and let 

a generic hyperplane section of dimension m. Then, (•, •)^ 

equals the composition 

By Theorem[3]and the Hard Lefschetz Theorem the restriction morphism i* : Fq (X) — >■ 
Fq (Z) is injective. Our claim follows from Theorem |4l 

Remark 4.6. Assume that K = C{{t)). For a smooth projective d-dimensional 
scheme X over K the isomorphism 

T^^{X)c^W^H^{]imX) 

from Remark 14.31 carries the monodromy pairing on Fq(X) to the pairing 

(•, •) : W^H'^{\imX) ® W^H'^{\imX) Q 

defined by the formula (c/. g^) 

(2;, 2/) = (-1) 2 <x,y >, 
where x S W^, y' £ W^JW^^_^ is such that GrN'^{y') = y, and <•,•>: (E) 
^Si/'^2d-i ^ *Q denotes the Poincare pairing. 

Example 4.7. Let A be a d-dimensional ahelian variety over K with semi-stable 
reduction. According to (^ jBerlj . %6.5), after replacing K by a finite unramified exten- 
sion, we can represent the analytic space A"" as the quotient of G"'" by A, where G"'" 
is the analytic group associated with a semi-abelian variety 0— s^T— s>G— >0 
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over R and A ^ G{K) a lattice. Moreover, the map \G'^~ \ exhibits \G'^~ \ as 

a universal cover of \A°~\. In particular, Tm{A) — A™^- ^ polariza- 

tion, fi, of A defines an isogeny fi^ : A ^ E, where S is the group of characters of G. 
Using ([C , Theorem 2.1), we see that the pairing 

derived from {4^.2S^ equals the pullback of Grothendieck 's monodromy pairing 

A(g,E"^ G{K)/G{R) «)S-^S*®S^Z 
via Id® pL^, : A (g) A — !> A S, divided by the degree /i'' G Z o/ the polarization. 

4.3. A birational invariant. Let AT be a smooth connected variety over a com- 
plete discrete valuation field K and d = dim AT. Assume that r''(A')Q ^ 0. Let 
Disc(-, •) G Q* be the discriminant of the monodromy pairing ()4.2ip relative to the 
lattice Ti{X)/mX)tor C r^(X), and let 

(4.24) rd{X,K) ^ 



Disc(-,-)' 

Since the group T^{X) and the monodromy pairing ()4.2ip are birational invariants of 
X so is the number ^^(A', K). li K C K' is a finite extension of ramification index e, 
we have 

rd{X ® K', K') = e'* ^™ ^^^^^\d{X, K). 

In the remaining part of this section we shall relate the invariant rd{X^ K) defined 
here to the one introduced in ijl.Sl for K3 surfaces over C((t)). 

Proposition 4.8. Let X be a smooth projective K3 surface over K = C((i)) and let 
_ff^(limAr) be the corresponding limit mixed Hodge structure (see H2.2]} . Set Wf :— 
T4^j^ n -ff ^ (lim X, Z) . Assume that the monodromy acts on _ff^(limA", Z) by a unipotent 
operator and let N : (lim X, Z) — > (lim X, Z) be its logarithm ( which is integral 
by f^FSj, Prop. 1.2)). Then 

(a) The topological space \X'^\ IS contractible unless N'^ ^0. If N'^ ^ the space 
\X'~^\ is homotopy equivalent to a 2- dimensional sphere and the canonical map 



(see Remark \4-.3\ l 

(4.25) r|(X) ^ 
is an isomorphism. 

(b) Assume that N'^ ^ 0. Then the number r2{X,C{{t))) defined by ^.24\ ) is equal 
to the order of the following group 

(4.26) Coker {Wf/Wi W^) . 

Proof. It is enough to prove the proposition in the case where X is the restriction of 
a strictly semi-stable family over a smooth curve. Indeed, at the expense of a finite 
extension of K we may choose a strictly semi-stable model X for X. The space |A'i"| 

is homotopy equivalent to the Clemens polytope of the special fiber F of X ( |Ber3j . 
§5). Applying Proposition l3.1l to X we find a proper strictly semi-stable family X over 
a smooth pointed curve a 6 C, whose fiber over the first infinitesimal neighborhood 
of point a is isomorphic to X (S'r R/t^ and whose generic fiber is a K3 surface. As 
the limit mixed Hodge structure of a strictly semi-stable scheme depends only on the 



32 



ALLEN J. STEWART AND VADIM VOLOGODSKY 



first infinitesimal neighborliood of special fiber the validity of the proposition does 
not change if we replace X hy X Xc specK'. 

Thus, we may assume that X has a Kulikov model over R = C[[t]] (see tj3.2p . If 
X is a Kulikov model, then the Clemens polytope Cl{Y) of the special fiber of X 
is homeomorphic to a point or to an interval for type I or II degenerations and it 
is homeomorphic to a 2-dimensional sphere for type III degenerations. This proves 
the first part of the proposition except for the claim that morphism (|4.25p is an iso- 
morphism. Using Berkovich's result ( jBer3| . §5), the latter is equivalent the following 
assertion: the canonical morphism 

H^{Cl{Y)) 

coming from the weight spectral sequence (see Theorem [2]) is an isomorphism. In 
fact, the (equivalent) dual statement, 

is proven (using a deep result of Friedman-Scattone f |FS) )) in Remark 13.31 This 
completes the proof of the first part of the proposition. 

Part (b) of the proposition follows from the fact that (|4.25l) is an isomorphism and 
Remark 14.61 □ 



5. MOTIVIC INTEGRAL OF MAXIMALLY DEGENERATE K3 SURFACES OVER 
NON-ARCHIMEDEAN FIELDS. 

5.1. The formula. Throughout this section R denotes a complete discrete valuation 
ring with fraction field K and perfect residue field k. We shall say that a smooth 
projective d-dimensional Calabi-Yau variety X over K is maximally degenerate if 
rq{X) 7^ 0. According to Theorem [3l X is maximally degenerate if and only if for 
some (and, therefore, for every) prime £ ^ char k the map 

iI'^(X^,Q,)(m) ^ H'\Xj^,qe) 

is not zero. 

Conjecture 1. Let X be a smooth projective maximally degenerate K3 surface over 
K. Then 

(a) The topological space \X'ip\ is homotopy equivalent to a 2-dimensional sphere. In 
particular, the group r™(X) is trivial for m ^ 0, 2 and isomorphic to Z otherwise. 

(b ) For every £ ^ char k the lattice 

Zec^TliX)^ H'{XT^,Ze) 

is saturated i.e., 

rl{x) = {rl^{x))nH\XT^,Ze). 

(c) There exists a finite extension K' D K such that for every finite extension L D K' 
of ramification index e 

(5.1) / ^(^^^^^^^^ + 2)QiO) + i20^e\,{X,K))Q{-l) 



Xl 



^^"^5'^^ 2)Q(-2). 
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Remark 5.1. According to the first part of the conjecture, for every prime I ^ char k, 
the ^-primary factor of r2 {X, K) has the following cohomological interpretation. If 
r2{X,K) = l^'r' and {r',£) = l, then 

ai = -u^!(Disc(-, ■)£) 

where Disc(-, •)f is the discriminant of the £-adic monodromy pairing (|4.3p restricted 
to Im(7V^) n H^^(Xj^,Ze) and ve : Q^/Z| Z is the valuation morphism. 

Remark 5.2. According to Theorem [T] and Proposition 14. 8[ Conjecture [T] is true for 
K = C((i)). Thus, it true for every K of equicharacteristic ( [HLj . Theorem 13.1.8). 

5.2. Kummer K3 surfaces. Throughout this subsection char if ^ 2. Let A be a 

[2] 

2-dimensional abclian variety over K. Then the group subscheme A2 := Kct{A — > 
A) C A oi 2-torsion points is reduced of order 16. The quotient A/ a modulo the 
involution A A, <7{x) — —x, is a projective surface, whose singular locus is 
precisely the image of ^2- A Kummer K3 surface X is the blow up of A/ a at 
A2 ^ A/ a which is smooth. Any translation invariant differential 2-form on A 
descends to a non- vanishing regular form uj on X. Equivalently, X can be viewed as 
the quotient of the variety Z obtained from A by blowing up at A2. 

Theorem 5. Conjecture]^ is true if X is a Kummer K3 surface and charfc ^ 2. 

Proof. Fix a prime number £ ^ charfc. By Theorem [3] since X is maximally degen- 
erate and, for some finite extension K' D K, the Gal{K / K')-modulc H'^{Xj^,Qe) is 
isomorphic to H^{Aj^, Qi)(BQi(—l)®^^ the abelian variety A is maximally degenerate. 
Thus, after replacing K by its finite extension we may assume that the analytic space, 
A"-", is the quotient of a split 2-dimensional torus T"" by a split lattice A C T{K). 
We also assume that all the 2-torsion points of A are defined over K . Under these 
assumptions we will prove that the formula (|5.ip is true for L = K and therefore for 
all its finite extensions. To do this we shall construct a formal poly-stable model X 
for the analytic space X"". By a general result of Berkovich f' Ber3| . §5) the topolog- 
ical space \X^\ is homotopy equivalent to the realization of the nerve of the special 

fibei0 X xk, denoted by |iV(^ x fc)|. On the other hand, the smooth locus of such a 
model is a weak Neron model of X"-^ and, thus, can be used to compute the motivic 
integral. 

Let S be the group of characters of T and S* the dual group. We have a canonical 
injective homomorphism p : A S* given by the valuation on K. Choose bases 
V2}^ {ui, U2} for A and S such that the matrix of p is diagonal 

/mi \ 
\ m2 ) 

with positive m^, and let T ~ 'Gm,K x G„i,/f, A ~ be the corresponding isomor- 
phisms. Consider the standard "relatively complete" model Gm of Gm.if over R in 
the sense of Mumford ( [Mu] , §5). We view Gm as a formal scheme over R whose 
associated if-analytic space is and which is equipped with an action of the 

multiplicative group if*, extending the translation action on G^^, and an involu- 
tion that acts as a; i— t- x~'^ on G^^. The special fiber of Gm is a chain of projective 
lines Pj.; the action of K* induces a simple and transitive action of Z ~ K* /R* on the 
set of its irreducible components. The quotient of G„i x Gm by A C T[K) = K* x K* 



'The notion of nerve of a scheme is recalled in Remark 12.21 
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is a proper strictly poly-stable formal model of A"-". Its smooth locus is the formal 

Neron model of A'^" f [BSj . Def. 1.1 and Theorem 6.2). In particular, our assumptions 

on A and K imply that the 2-torsion points of A define 16 sections of (G™ x Gm)/A 

over R meeting the special fiber at distinct smooth points. Let Z be the blow up of 

(G„i X G,„)/A at these sections. By construction, the involution a oi A extends to 

an involution a" of Z. The quotient X = Z /a is again a proper strictly poly-stable 

formal scheme whose generic fiber is the analytic K3 surface In particular, every 

if'-point of X"", where K' D K is a. finite unramified extension of K reduces to a 

nonsingular point of the special fiber oi X. It follows that the smooth locus Xsm C X 

of X is a formal weak Neron model of X"" f [BS| . Def. 1.3). As the Neron top degree 

differential form on A induces a regular non-vanishing differential form on Xsm using 

f [LS] . Theorem 4.4.1) we see that the motivic integral equals the class [Ygrn] of 

the smooth locus of the special fiber Y oi X. We shall show that depends only on 

the order of the group C = Z/miZ x Z/to22 of connected components of the formal 

Neron model of A"'"'. Indeed, since all the 2-torsion points of A are defined over K, 

the numbers are even. Thus, the involution a has precisely 4 fixed points on C. It 
I c I 

follows that Ysm has ^ + 2 connected components. All the components of Ygm are 
isomorphic to Gm,k x ^m,k except for those 4 that correspond to fixed points of a on 
C. These 4 components are isomorphic to the blow up of Grn,k x ^m.k at 4 points of 
order 2. Summarizing, we find 

X = + ^) ^^^^ + " l^l)'^(-l) + ( 

Thus, to complete the proof of the formula (|5.ip we need to show that |C| = r2{X, K). 
Consider the commutative diagram induced by the morphism f : Z ^ X oi the formal 
schemes 



+ 2 



(5.2) 



H^{\N{X X k)\,Z) 



r 



Hl^^{\N{Z^k)\ 



r|(^) 
r 
iz) 



H^{X'^, 



r 



i?2(Z|",Z 



hHXt^.i,) 

H^Zt^.Z,). 



The topological space \N{Z x fc)| is homeomorphic to a real 2-dimensional toruO; 
the map \N{Z x k)\ \N{X x k)\ induced by / identifies the target space with the 
quotient of the torus modulo the involution that takes a point to its inverse (with 
respect to the usual group structure on the real torus). In particular, \N{X x k)\ is 
homeomorphic to a 2-dimensional sphere. This proves the first part of the Theorem. 
Moreover, we have a commutative diagram 



(5.3) 



Z 



Z 



r|(^) 



r|(A), 



where the isomorphism r|(A) — > T\{Z) is induced by the morphism of formal 
schemes Z (G„i x G„i)/A that identifies the nerves of their special fibers. On 



Indeed, the scheme Z xk is isomorphic to a direct product of two (reducible) curves Di, i = 1, 2, 
which, in turn, are isomorphic to m^-gons of Pi-'s. Thus, using that the formation |A'^(-)| commutes 
with products of poly-stable schemes over algebraically closed field f |Ber3| . Prop. 3.14 (ii) and Cor. 
3.17), we find that \N(Z x k)\ ~ \N{Di)\ x \N{D2)\ ~ 5^ x . 
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the other hand, since the morphism Z ^ X induced by / has degree 2, we have 
Comparing this with (|5.3|) we find that 

It remains to show that ''^("^'•^^ = |C|- Consider the exact sequence of G- modules 

^ A* (g) ^ H^{Aj^, Zi) -^E(E) Zi{-1) 0. 

The canonical morphism r|(yl) ^ (A^, Zi) identifies T\{A) with A* C [A-j^, Zi) 
f [Berlj . §6.5). Let ui Au2 be an element of H'^{A-j^,Zi){2) that projects to ui Au2 S 
A S(8)Z£. Then, we have 

N'^iui A U2) = N{N{ui) A U2 + uiA N{u2)) = 2N{ui) A N{u2) = 



It follows that the monodromy pairing on r|(A) ~ /\^ A* is given by the formula 

<J2,Ui AU2 > 1 



(wi Av2,vl AV2) = — 



2mim2 2mim2 



and therefore r2{A, K) = 2mim2 = 2\C\. The proof of the formula (jS.ip is completed. 

Let us prove the second statement of the theorem. We will derive it from an 
analogous result for abelian varieties ( |Berlj . §6.5) which asserts that the lattice 

Tl{A) ^ H^At^.Z,) 

is saturated. It follows that the lattice 

Tl^{A) ^ V\{Z) ^ i/2(%,Z,) ^ H\AT^,Ze)(SZri~lf 

is also saturated. We claim that in the commutative diagram 

^ rlix) hHXt^.z,) 

(5-4) > [r [r 

z, ^ r|^(z) h\Zt^,z,). 



the vertical morphisms are isomorphisms up to 2-torsion. Indeed, the compositions 

/*/* and /*/* with the trace morphism Z^) H'^{Xj^,Zi) are equal to 

2 Id. This proves the second part of the theorem ior £ ^ 2. For ^ = 2, we apply a 
result of Nikulin (see, e.g. [Mo2j . Lemma on p. 56) that states the lattice 



(5.5) H\AT^,Ze) ^ H^Zj^.Z,) H H^Xj^.Z,) 

is saturated. As the lattice {X) equals the image of the saturated lattice {A) ^ 
H'^{A-j^,Zi) under composition (|5.5I) it is saturated as well. □ 
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Appendix A. Erratum 

Abstract. It was pointed out to us by Olivier Wittenberg that Kulikov's Theo- 
rem IKul . which we used in the proof of two results, is stated in SV incorrectly. 
We give a correct statement of the Kulikov Theorem and show that both results 
remain valid. 

Let C be smooth curve over C, and let a e C be a closed point, C — C — a. Denote 
by R the completion of the local ring O-^ ^ and by K its field of fractions. In §3.2 of 
|SV| we made the following assertion referring to |Ku| : 

Assertion A.l. Let X ^ C he a, projective strictly semi-stable morphism whose 
restriction A" to C is a smooth family of K3 surfaces. Then, there is a projective 
strictly semi-stable family X ^ C, whose restriction to C is isomorphic to X, and 
the log canonical bundle fl^, [log) is trivial over a neighborhood of the special fiber 

ofx'. 

As it was pointed out to us by Olivier Wittenberg, the actual result proven [Ku| 
is weaker then the above assertion. A correct statement of Kulikov's theorem reads 
as follows: 

Theorem (Kulikov). Let X ^ C he a projective strictly semi-stable morphism whose 
restriction X to C is a smooth family of K3 surfaces. Then there is a proper strictly 
semi-stable complex analytic space over C , X — ^ C, together with a himeromorphic 
map X X , which commutes with the projections to C and induces an isomorphism 
X 'x-qC — > X X(jC, such that the log canonical bundle ^'^i ^-^{log) is trivial over a 

neighborhood of the special fiber of X . 

One refers to x' as a Kulikov model for X ^ C. It is shown in [Kuj that the special 
fiber, y , of any Kulikov model has a very special form (this part of Kulikov's Theorem 
is stated correctly in |SV) . §3.2). In particular, all the irreducible components of Y' 
are smooth projective surfaces. 

We do not know whether Assertion lA.ll is true. In fact, we do not even know 
whether, for given X C, there exists a Kulikov model which is a scheme. 

However, we are going to show that Theorem 1 and Proposition 4.8 from |SV| , 
which are the only results of loc. cit. whose proofs were based on Assertion lA.ll 
are still valid and can be proved using Kulikov's Theorem. In fact, an inspection of 
the proof of Theorem 1 given in [SV] shows that only part of the argument where 
algebraicity of Kulikov's model X is used is the proof of formula (3.3) stated below. 

Lemma A. 2. If X is a Kulikov model and Y' is its special fiber, we have 

(A.l) / =KJ. 

Jx 

Here X is the K3 surface over K obtained from X by the base change. 

Note that since the irreducible components of Y' are projective, the smooth locus 
of has the structure of an algebraic variety and, hence, [i^s„J makes sense as an 
element of the Grothendieck group of varieties. 

Proof of Lemma \A.Si Let X ^ C he any proper complex analytic model for X — > 
C, which is bimeromorphically isomorphic to an algebraic model X ^ C. Then, 
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according to a theorem of Artin (^Ar , Theorem 7.3), X has a unique structure of an 
algebraic space such that the map <y' — ^ C is algebraic. Since any smooth algebraic 
surface is quasi-projective, the smooth locus y/,„ of the special fiber oi X ^ C 
acquires the structure of an algebraic variety. Now, assume that X is regular and let 
V° be irreducible components of Yj.^. Define integers rrii by the formula (1.1) from 
[SV] . The lemma will follow from a more general claim: 



(A.2) I :=^[y,°](TO, -minm,). 

To prove (|A.2I) observe, first, that the formula is true if x' is a scheme. Indeed, in 
this case x' ® R — Y^^^^ is a weak Neron model ( [SVj . Lemma 2.10), and (|A.2|) boils 
down to the definition of motivic integral ( }SVj . §1.1). Hence, it suffices to check that 
the right-hand side of ()A.2|) is independent of the choice of a regular model X . Using 
the Weak Factorization Theorem for algebraic spaces f |AKMW) . Theorem 0.3.1) it 
is enough to show this for two models, one of which is obtained from the other one 
by blowing up at a smooth subvariety of the special fiber. In this case the assertion 
follows by a direct inspection. □ 



Next, we correct the proof of Proposition 4.8 given in [SVj . It suffices to prove the 
following result. 

Lemma A. 3. With the assumption of Kulikov's Theorem, X := Xxq specK , there is 
a homotopy equivalence between the topological space \X'~^\ and the Clemens polytope 

Cl{Y') of the special fiber of X , which identifies the canonical map 

Tl{X) H*{\im.X, Z) 

with the map 

H*{Cl{Y')) i7*(limX,Z) 
coming from the weight spectral sequence. 

Proof. Berkovich's result ( |Ber3) . §5) applied to the strictly semi-stable model X 
(which is a scheme) implies the assertion of the lemma with Y' replaced by Y . Next, 
let <Y — >■ C and A" — >■ C be any proper regular models for A:" —5- C in the category 
of algebraic spaces. Assume that the reduced special fibers Yj-ed and Y^^^ are strict 
normal crossing divisors. We claim that there is a homotopy equivalence between 
the Clemens polytopes Cl{Y) and Cl{Y'), which identifies the maps H*[Cl{Y)) 
H*(liuiX,Z),H*{Cl{Y')) H*{\imX,Z). Indeed, using the Weak Factorization 
Theorem f [AKMW] , Theorem 0.3.1) we may assume that X is obtained from X by 
blowing up at an admissible subvariety of the special fiber. In this case the assertion 
can be checked directly (see [S], Lemma in §2). □ 

Remark A. 4. (a) The first part of Lemma[X]3]is a corollary of an unpublished result 
of Michael Temkin: if AT is a smooth proper scheme over the fraction field K of 
complete discrete valuation ring R with perfect residue field k and A is a proper 
strictly semi-stable algebraic space over R with the generic fiber isomorphic to 
X, then the space |A^"| is homotopy equivalent to the Clemens polytope CZ(l^) 
of the geometric special fiber. 
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(b) We expect that the motivic integral of a Calabi-Yau variety can be computed 
from its weak Neron model in the category of algebraic spaces: if X is a smooth 
proper Calabi-Yau variety over if , V is an algebraic space over R which is a weak 
Neron model for X, and V° are irreducible components of the special fiber of 
V, then formula (jA.2p is true. Note that the natural homomorphism from the 
Grothendieck group of varieties to the Grothendieck group of algebraic spaces of 
finite type over a field is isomorphism (c/. [Kn . Proposition 2.6.7). 
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